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ABSTRACT 


This dissertation considers three different topics. In the first part of the dissertation, 
we use Newton Polygons to show that for the arithmetic functions g(n) = n', where 
t > 1 is an integer, the polynomials defined with initial condition P(X) = 1 and 


recursion 


P(X) = 


= |> 


Yolk) PE A(X) 


are X/(n!) times an irreducible polynomial. 

In the second part of the dissertation, we show that, for 3 < n < 8, there are 
infinitely many 2-adic integer solutions to the Prouhet-Tarry-Escott (PTE) problem, 
that are not rational integer solutions. In particular, we look at the 2-adic valuation of 
a certain constant associated with the PTE problem and for the case n = 8 there exist 
solutions whose valuation is strictly less than any known rational integer solution. 

In the third part of the dissertation, we obtain a number of results pertaining to 
polynomials f(x) with non-negative integer coefficients that take on a prime value 
at x = b, where b > 2 is an integer. In particular, we give an explicit bound M,(b) 
such that if the coefficients of f(x) are each < M,(b), then f(x) is irreducible. We 
also show that there are similarly explicit bounds M2(b), M3(b) and M,(b), for b 
sufficiently large (made explicit), that can be placed on the coefficients of f(x) such 
that if f(a) is reducible then it must be divisible by at least one of the shifted 


cyclotomic polynomials ®3(a — b), ®4(a — b) or ®e(x — 0). 
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CHAPTER 1 


INTRODUCTION 


1.1 IRREDUCIBILITY OF A FAMILY OF POLYNOMIALS USING NEWTON 


POLYGONS 


In [24], Heim and Neuhauser were interested in the family of polynomials defined 


with initial condition P5(X) = 1 and recursion 


‘ o (k) Pyne (X) (1.1) 


for n > 1, where o(n) is the sum of divisors function. These polynomials arise as 
Fourier coefficients of powers of the Dedekind eta functions, shown by Newman in 
[32]. In [23], Heim, Luca and Neuhauser generalised the recurrence relation in (1.1) by 


replacing o (n) with other arithmetic functions. Namely, they studied the following. 


Definition 1.1. Let g(n) be an arithmetic function. Define a family of polynomials 


P(X) associated with g by PJ (X) := 1 and 


57g (k) P24 (X). 


In particular they looked at the coefficients of X in P’(X) when g(n) = n and 
g(n) =n? as these functions provide bounds on o (n). They found explicit formulas 


for the coefficients and concluded 


. ee 1d eros 2 vet ah nt+k\ , 


k=0 


In [23], Heim, Lucas and Neuhauser looked further at these polynomials. One of the 


results they obtained was the irreducibility of the polynomials 
~ n! ee oop n—1 
P(X) = =P? (Xx) = > ——_ Gs 
n(X) xin ( ) > el k 


They also conjectured the irreducibility of the polynomials 


~,2 nl 2 Get nl n+k 
P® (X) = =P” (X) = >> —— : 
n (X) x oe > lee a) 


a result that was proven by J. Juillerat, J. Southwick and the author in [19]. 

Chapter 2 discusses the work between J. Southwick and the author to generalise 
the result of J. Juillerat, J. Southwick and the author. We look at the irreducibility 
of the polynomials that arise when g(n) = n‘ for any positive integer t. To obtain 
these polynomials, we modify the derivation of the polynomials in [24]. We begin by 
an observation from [23] that 


= P™ (X) q” = exp (x 3 = 0") (1.2) 


n=1 
We expand the right-hand side of (1.2) and manipulate it to compare formally the 


coefficients of the different powers of g. We have 


exp (xx 0") =14 5° 2 x*/ fe ‘9g 


n=1 k=1 n= 
= t- i feet 
SOR oa Wy SO DG a ra aa ee 
k=1 ™" m=l om,=l 


where, in the innermost sum, the m; are positive integers. Thus for n > 1 we obtain 
P(X) = 3 a S> omit. oi) x 
For 1<k<nand ta positive integer, define 


S(k|n,t) = So m+ ++ mi. 


Mit +Mp=N 


Consequently the main goal of this work is to prove the following 


Theorem 1.2. The polynomials 


fen = ee 


S(k) nt) a (1.3) 


a 


are irreducible for all integers n > 2 andt > 1. 


Here we note that P™ (X) = (X/n!) f (X |n,t — 1). The proof of Theorem 1.2 will 
follow similarly to that of the main result in [19]. In Section 2.1, we define Newton 
polygons along with stating a theorem of Dumas [12], and we list several results 
regarding factorials and binomial coefficients. Section 2.2 is dedicated to studying 
the expressions S (k|n,t) so that we can construct the Newton polygons of f (x | n,t) 


in Section 2.3. We bring everything together to prove Theorem 1.2 in Section 2.4. 


1.2. 2-ADIC INTEGER SOLUTIONS TO THE PROUHET-'TARRY-ESCOTT PROBLEM 
For n > 3, we consider two lists of integers 
X = [%1,%2,...,%m] and Y = [yi, ya,---,Yn], 


where x; # y; for some j € {1,2,...,n}, for any reordering of the x;’s. The Prouhet- 


Tarry-Escott problem (the PTE problem) asks for such X and Y satisfying 


SS, for e € {1,2,...,k} (1.4) 
j=l j=l 


where k is an integer in the interval [2,n—1]. If X and Y satisfy (1.4) then the 
pair is called a solution of the PTE problem, denoted X =, Y. A solution is ideal 
if k =n—1. The significance of the case k = n — 1 is that with X and Y distinct 
as required above, it is impossible for (1.4) to hold if k > —1. Thus, the largest 
possible value for k in (1.4) isn — 1. 

Literature on the PTE problem is extensive. The problem is a focus of an entire 
chapter (Chapter 24) of L. E. Dickson’s classical volumes “History of the Theory of 


Numbers” [11] and numerous early references can be found there. The problem is 


also discussed in G. H. Hardy and E. M. Wright’s well-known “An Introduction to 
the Theory of Numbers” [22], undoubtedly in part due to Wright’s own interest in 
the problem (cf. [42, 43, 44]). We note that for the first half of the twentieth century, 
the problem was referred to as the Tarry-Escott problem, until Wright [43] pointed 
out that E. Prouhet [36] first discussed the problem in 1851. A few of the more 
recent investigations on the PTE problem include [4, 5, 9, 27, 38]. Interesting work 
on generalisations of the PTE problem can be found in [1, 8]. For applications arising 
from the PTE problem see [2, 21, 25, 31, 39]. 

An important open problem in the area is a conjecture of Wright [42] that for 
every natural number n > 3, an ideal solution exists. Despite its long history, ideal 
solutions are only known to exist for 3 <n < 10 and n = 12. In particular, no ideal 
solution is known for n = 11. 

To help formulate further discussion, we note that the following result and its 
corollary are fairly simple consequences of properties of elementary symmetric func- 


tions (see [3, 4]). 


Lemma 1.3. Let n and k be integers withi<k<n. Let x,...,%y and y,.--,Yn 


denote arbitrary integers. The following are equivalent: 


‘ = Sg fore € {1,2,...,k}, 
j=l j=l 


Corollary 1.4. The lists X = [x1,%2...,2%n] and Y = [y1,y2---, Yn] give an ideal 
PTE solution if and only if 


I @-%)-[1@-w)=¢ (1.5) 


for some real constant C 4 0. 


We will view ideal PTE solutions over the integers as being a pair of lists {X,Y } 
satisfying (1.5). For computational reasons (see [4, 7, 38]), information on possible 
values of C' and, in particular, on the factorisation of C given (1.5), has played an 
important role in arriving at examples of ideal PTE solutions. As C depends on n, 


X and Y, we define, for X =,_, Y, the constant 


Define 


where p; is the jth prime number and 


e; = min {e | p§\|Cn (X,Y) for some X and Y as above with X =,-1 y} 


The values of C,, for 3 < n < 7 are known (see [7]): 


For n = 8 and n = 9, [7] also gives 


Cea orrags Be e113 


Cg So BF oe ee 11 13 174 23 20% 


A<e,<8, 7T<eg<9, 3<e3<4 and O0<e,;<1forje {45,6}. (1.7) 


In their paper, Filaseta and Markovich [18] improved on (1.7) and showed, using 


Newton polygons, that 
6<e,<8 and e =9. 
In the same paper, for n = 8, they gave the example 


X = [31914804930538, 392011859134314, 414199788923609, 
550721232905543, 563570240533272, 870589495146520, 


1039460985683225, 1113937730497799 | 
and 


Y = [226375709153429, 382003430459158, 502458387218286, 
690280771238587, 750383096702563, 764464731978500, 


790357673966989, 870082337037308 | 
which has the property that 
8 8 
I] @ -2;) ~ He z— y;) = 95466849288194 (mod 2°”), 
a | 


where it should be observed that the number 95466849288194 is exactly divisible 
by 2°. Filaseta and Markovich posed three questions based on the existence of this 


example: 


Question 1. Is it possible to show that a 2-adic ideal solution exists for the PTE 


problem for every n > 3? 


Question 2. For a prime, p, is it possible to have a p-adic solution to 
I] @ -#;) - TL @-) 
j=l j 
for which v, (C) < vp (C,), where v, is the usual p-adic valuation and n 


is some integer > 3? 


Question 3. For a prime, p, does a p-adic ideal solution necessarily exist for n = 11? 


In this chapter, we will address Question 1 restricted to 3 <n < 8. Namely, we 


will prove the following. 


Theorem 1.5. For 3 <n < 8 there exist lists of 2-adic integers X = |x1,%9,...Xp| 


and Y = [y1,Y2,---Yn], such that at least one x; or y; ts not in Q, that satisfy 


n n 
IL ( (z — 2;) —|I( (z — y;) Cay, 
j=l 


for some 2-adic integer C, with vz (Cp) = kn, where 


2. fn = 34 

A Of tu 55 
hie 

5s Of 70, 

6 n= 7.8. 


The case n = 8 is particularly significant as there are currently no known examples 


over the integers where the same equation holds with v2 (Cg) = 6. 


1.3 IRREDUCIBILITY CRITERIA FOR NON-NEGATIVE INTEGER COEFFICIENT 


POLYNOMIALS 


If dydy_1...d do is the decimal representation of a prime, then a result of A. Cohn 


[34] asserts that 
fe) ade” + dps + + die +d 


is irreducible over the integers. If we generalise this setting and view f(x) as a 
polynomial with non-negative integer coefficients and with f(10) prime, does the 
irreducibility of f(z) depend on the coefficients being less than 10? Is the base 10 


special, or do similar results hold when 10 is replaced by a different base b > 2? 


Some answers to these questions can be found in the literature. The result of Cohn 
has been extended to all bases b > 2 by J. Brillhart, M. Filaseta and A. Odlyzko [6]. 
In [15], M. Filaseta extended this to base b representations of kp where k is a positive 
integer < b and p is a prime, and M. R. Murty [37] has obtained an analog in function 
fields over finite fields. Furthermore, [6] allows the coefficients d; in Cohn’s theorem 
to satisfy 0 < d; < 167 rather than 0 < d; < 9; and later M. Filaseta [16] showed 
that the d; need only satisfy 0 < dj; < 10°°d,,, and further that simply d; => 0 suffices 
ita ok, 

Recent work by M. Filaseta and S. Gross [17] extended this last line of investigation 
even further. They showed that if f(a) is a polynomial with non-negative coefficients 
bounded above by 

49598666989151226098 104244512918 


and f(10) is prime, then f(x) is irreducible over Z. They also showed that if the 


coefficients are instead bounded above by 
8592444743529135815769545955936773, 


then f(z) is either irreducible over Z[z] or divisible by x? — 202 + 101. Furthermore, 
they showed that these values are sharp, in that they exhibited polynomials having 
non-negative integer coefficients with f(10) prime and maximum coefficient one more 
than each of these numbers where in each case the polynomial factors in Z[a] and in 
the latter case is not divisible by x? — 20x + 101. 

In [10], M. Cole, S. Dunn and M. Filaseta extended these results and found bounds 
M,(b) such that if the coefficients of f(a) are bounded above by M,(b) and f(b) is 
prime for an integer b € [2,20], then f(x) is irreducible in Z[z]. They also found 
bounds M,2(b) such that if the coefficients of f(a) are bounded above by M2(b) and 
f(b) is prime for 3 < 6 < 5, then f(z) is either irreducible or divisible by ©3(x — 5), 


where ©®,,(x) is the nth cyclotomic polynomial. Similarly, if 6 < b < 20 and the 


coefficients of f(x) are bounded above by Mo(b), then f(x) is either irreducible or 
divisible by ®4(a — 6). Furthermore, they established that the upper bounds M;(b) 
are sharp for 3 < b < 20, and that the upper bounds Mo(b) are sharp for 4 < b < 20. 

Work by M. Filaseta, J. Juillerat, J. Southwick and the author extends the results 


in [10] to all integers b > 2. That is, we prove the following. 


Theorem 1.6. Let b € Z with b > 2. Let f(x) be a polynomial with non-negative 
integer coefficients and f(b) prime. For n € Zt, let ®,(x) be the n"” cyclotomic 


polynomial and ¢, = e2"/". Define 


“=! /p. 3 
(nm) __ ne Dy—2k-1-4 k 
Bf" = max Yay) + Re (GN) (Im (Gy) By (1b), 
with Dn = |n/arg(b+G,)|, and let 


M, (b) = min B”, Mz (b) = se B™, M3 (b) = BO 


ne {3,4} ne {3,4 
and 
(b—1.5221)"(b— 2.5221) (b? —1)m 
(0) 1 + cot (7/0?) p OEE 0.8444 
b? arctan | ————- 
(b — 0.2) 
Then 


e Ifb>2 and each coefficient of f(x) is less than M,(b), then f(x) is irreducible. 


e Ifb > 2 and each coefficient of f(x) is less than Mo(b) and f(x) is reducible, 
then it is divisible by ®3 (a — b) if b <5 and divisible by ®4 (x — b) ifb > 5. 


e Ifb > 69 and each coefficient of f(x) is less than M3(b) and f(x) is reducible, 


then it is divisible by at least one of ®3 (a — b) or ®4 (x — b). 


e Ifb > 69 and each coefficient of f(x) is less than M,(b) and f(x) is reducible, 
then it is divisible by ®3 (a — b), ®4 (a — b) or Be (x — Bb). 


In particular, for b > 5, M,(b) is equal to 


4€{0,1} 


Dy-1 2\* 2 Da iss 
mas | (te) CH)" | (2042) 02 
0<k 
For b = 10, this gives 
M, (10) = 49598666989151226098104244512918, 


which agrees with the bound by M. Filaseta and S. Gross given above. 

Whereas M. Cole, S. Dunn and M. Filaseta were able to show for a fixed b € 
[4,20] Q Z that the given upper bounds are sharp, we were not able to do so for 
general b > 2. However, the bounds in Theorem 1.6 agree with the prior sharp 
bounds obtained for 4 < b < 20, and we conjecture the bounds for M,(b), M2(b) and 
M3(b) in Theorem 1.2 are sharp for all b > 4. Furthermore, the values /,(b), M2(b) 
and M3(b) are sharp in another way: For b > 5, if ®4(a — b) is a factor of f(x) and 
f(x) has non-negative coefficients (and where we no longer require that f(b) is prime), 
then the largest coefficient must be at least as large as M, (b). Similarly, if ®3(x” — b) 
is a factor of f(x) and f(x) has non-negative coefficients (and where we no longer 
require that f(b) is prime), then the largest coefficient must be at least as large as 
Mp (b). Finally, if ®g(2 — 6) is a factor of f(x) and f(x) has non-negative coefficients 
(and where we no longer require that f(b) is prime), then the largest coefficient must 
be at least as large as Ms (b). 

The main focus of Chapter 4 is to provide the details on how to find the bounds 
M,(b), Mo2(b) and M3(b). 

While Theorem 1.6 focuses on bounding the coefficients of f(a), a secondary goal 
of our work was to examine the situation where the coefficients are unbounded (non- 
negative) integers with f(b) prime for an integer b > 2. In this setting, what can be 
said about the irreducibility of such a polynomial? The existing literature provides 
some preliminary answers. M. Filaseta [16] has shown that for all b > 2, if the degree 


of such an f(x) is bounded above by z/arcsin(1/b), then f(x) is irreducible. 


10 


M. Cole, S. Dunn and M. Filaseta [10] further showed that for 2 < b < 20 there 
are sharp bounds D(b), D,(b), and D2(b) on the degree of f(x) so that if f(a) has 
degree less than or equal to D(b), then f(x) is irreducible; if f(a) has degree less than 
or equal to D,(b), then f(x) is only reducible if it is divisible by ®4(a — b); while if 
f(x) has degree less than or equal to D2(b), then f(x) must be divisible by ®3(z — 6) 
or ®4(z — b). The theorem below extends these ideas to all b > 2 and for b > 26 


integrates a similar divisibility condition with ®¢(x — 6). 


Theorem 1.7. Fiz an integer b > 5, and for n € {3,4,6} set 


T 


sat as al le as Las Gattis | , 


1732 ) 
1000(2b+1) 


Let f(x) € Za] with non-negative coefficients and with f(b) prime. If the degree of 
f(x) is < Dg, then f(x) is irreducible. Additionally, if the degree of f(x) is < D3 
and f(x) is reducible, then f(x) is divisible by ®4(a — b). Furthermore, in the case 
that b > 27, if the degree of f(x) is < Dg and f(x) is reducible, then f(x) is divisible 
by either ®4(x — b) or ®3(a — b). Lastly, in the case that b > 27, if the degree of 
f(x) is < E and f(x) is reducible, then f(x) is divisible by ®3(a — b), ®4(a — b), or 
Do(x — Dd). 


The proof of Theorem 1.7 is given in J. Southwick’s dissertation [40]. 
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CHAPTER 2 
IRREDUCIBILITY OF A FAMILY OF POLYNOMIALS USING 


NEWTON POLYGONS 


2.1 PRELIMINARY MATERIAL 


We first introduce the notion of Newton polygons. Let f(r) = {io ajxi_ € Zia] 
with aga, # 0 and fix a prime p. For an integer m 4 0, denote v,(m) to be the p-adic 
valuation of m, that is, the exponent in the largest power of p dividing m. Let S 
be the set of lattice points (j,v,(a,_;)) for 0 < 7 < r with a,_; 4 0. The Newton 
polygon of f(x) with respect to the prime p is the polygonal path along the lower 
convex hull of these points from (0, v)(a,)) to (7, ¥)(ao)). The endpoints of every edge 
belong to the set S, and the slopes of the edges strictly increase as we move from left 
to right along the Newton polygon. 

Newton polygons hold a wealth of information regarding the irreduciblity of a 
polynomial. The main result we use regarding Newton polygons is due to Dumas 
({12], [35]) and relates the Newton polygon of two polynomials to the Newton polygon 


of their product. 


Theorem 2.1. Let g(x) and h(x) be in Z|x] with g(0)h(0) 4 0, and let p be a prime. 
Let k be a non-negative integer such that p* divides the leading coefficient of g(x)h(x) 


but pert 


does not. Then the edges of the Newton polygon for g(x)h(x) with respect 
to p can be formed by constructing a polygonal path beginning at (0,k) and using 
translates of the edges in the Newton polygons for g(x) and h(x) with respect to the 


prime p, using exactly one translate for each edge of the Newton polygons for g(x) 


12 


and h(x). Necessarily, the translated edges are translated in such a way as to form a 


polygonal path with the slopes of the edges increasing from left to right. 


We prove Theorem 1.2 by explicitly constructing the Newton polygons for the 
polynomials f (a|n,t), for each prime p dividing n — 1. To do this we make use of 
three lemmas regarding binomial coefficients, factorials and their p-adic valuation. 


The first is a classical result of Legendre [29]. 


Lemma 2.2. Let n be a positive integer, and let p be a prime. Let s,(n) denote the 


sum of the base p digits of n. Then 


Lemma 2.2 implies the following result due to Kummer [28]. 


Lemma 2.3. Let n andj be integers withO <j <n. Then 


((")) is S15) Spl — 3) = Sl) 
P\\ 5 p-1 ; 


n 
Equivalently, Vp (( ') is the number of borrows encountered when subtracting j from 
Jj 


n in base p. 
We also note Lucas’s binomial theorem [30]. 


Lemma 2.4. Let n> Jj be non-negative integers. Write, in base p, n = a,p" +--+ 


a,;p+ao and j = jyp’+---+jip+jo where 0 < aj, 7; < p—1 for eachi € {0,1,...,r}, 


(= Gi) GG) emi 


2.2 AN EXPLICIT FORMULATION OF THE COEFFICIENTS 


and a, #0. Then 


To construct the Newton polygons of f (x | n,t) we will require a clearer understanding 
of the numbers S (k|n,t). Specifically, we will want to know enough about S (k | n, t) 


so that we can talk about its p-adic valuation with respect to different primes. 


13 


Firstly, observe that 


Sk nt) = S- mi ---mi, = [2"] ((x +22" + 3'a3 + dég' 4 ~)!), 


Mit +M,p=N 
where [x"] (h(x)) denotes the coefficient of x” in the power series h(x). 


Secondly, taking |z| < 1, recall 


and observe that 


d 1 


Iterating this pair of operations t times, we obtain 


d d 1 t,2 t,3 t,4 

SES ee ee | Ree Sa ee } 4 po... 
x ( (« € )) ) Hi as 3 x 
_—_—___ —_—_—_—___ 


t times 


For ease of notation, let D (-) := x (d/dz) (-). Then 
S(k|n,t) = [2"| ((p' (a-2)"))"). (2.1) 
To study the numbers S (k|n,t) we start by studying the sequence 
{D‘(1/(1- 2) ae 


An induction argument gives that D‘(1/(1—<2)) is « times a polynomial of degree 


t — 1 divided by (1 —x)'*’. Define A (t, 7) by 


pt ( 1 ) _ © Dj=0A(t, 5) 2? (2.2) 


i r (1 =. re 
Then, for any t > 1, we have 


Bo) = 


(l—2)** ih GHD AEA) a + (E41) (1-2) DEL, A(t, - 1) 
a i= nye 
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YU VAG) a= ew aGAtge De ey Ag =e 


= Q—a)? 
_ AG) + OIG + DAE +E-F+DAGI-W)e?+AGt- D2! 
Gaayr 


Observe that A (1,0) = 1 and from the above, for 0 < j < t, we have 
A(t, 0) if 7 =0 
AGEL) = AGEN AG) ReS=3 BDAGGH 1) He Fers4 
A(t,t—1) if j=t. 


The numbers A (t, 7) are the so-called Eulerian numbers. See [13], [14], [20] and [41]. 


We will make use of the following identities associated with the Eulerian numbers: 


At) = Say (' ; ‘ Gee (2.3) 
eS A (t,m) EF : ") (2.4) 
Ay SAC Ea (2.5) 


Combining (2.1) and (2.2) yields 


ryt ») pi \F 1 A(t, j) a7)" 
stele) = (( 2j=0 A(t J) ))= be [© @) ‘). (2.6) 


(1 = ay (1 _ oR) 


Substituting (2.3) into the right-hand side of (2.6) and expanding with multinomial 


coefficients yields the following 


Lemma 2.5. The value S(k|n,t) is the coefficient of x”-* in the expansion of 


k Fie he tae (A Cee , 
A 4 ico ti 4 
(Scalia hea) (aeat) BH) EEO eT) 


j=0 


where ko, k1,..., ki represent non-negative integers. 


2.3 CONSTRUCTING THE NEWTON POLYGONS 


The remainder of this chapter follows the basic idea discussed in [19]. That is, we 


will first explicitly construct the Newton polygons for f (a|n,t) with respect to each 
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prime p | (n — 1) and then apply Theorem 2.1 to show that any factor of f (x | n,t) 
has degree at least n — 1. We start by introducing some notation. 
Let v = vp (n — 1) and u = [log, (n — 1)| —v. Note that since p | (mn — 1) we have 


v > 1. Then 
n-l=p" ‘S a;p! where ay, a9 > 1 (2:7) 
j=0 


is the base p expansion of n — 1. For each J € {0,1,...,u}, we denote by n; the 


p’t/th truncation of n — 1 in base p. That is, 


5; 
nap Soy (2.8) 
j=0 
Let n_; = 0. It is useful to note at this point that when J = u, we get n-—ny = 1, 
and more generally when J € {—1,0,...,u}, we have 
n—-njy=1+p" S© ajp’. (2.9) 
j=J+1 


We prove the following 


Theorem 2.6. Fix integersn > 3 andt > 1. Let f (x|n,t) be as in (1.3). Let p be 


a prime dividing n — 1, and let 
n—-1l=p"> asp! 
j=0 


be the p-ary expansion of n—1 as in (2.7). Then the vertices of the Newton polygon 


for f (x|n,t) with respect to p are precisely the points in the set 


J J vt+j __ 
{(0,0)} U | [s: asp", ed 


Fe (0s. (2.10) 
To prove Theorem 2.6 it suffices to show each of the following: 


1. The Newton polygon for f (2 |n,t) with respect to p is the lower convex hull of 


the points in (2.10). 
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2. The slopes of the edges joining the successive pairs of points in (2.10) are strictly 


increasing from left to right. 
To do this we will first establish two lemmas. 


Lemma 2.7. Let p|(n—1). For each J € {0,...,u}, we have v, (S (n —nyz|n,t)) = 


0. 


Proof. Since n — (n — nj) = nz, Lemma 2.5 implies that S(n —n,|n,t) is the coef- 


ficient of x" in the expansion of 


[ 2 ee x (Th A(t.) : Dino : (2.11) 
ko+--+ky1=n—nz ger ete ME 


g++) (m=z) = 1) 4 
¥("; (t+1)(n—nj)-1 )e. 


70 


times 


We first focus our attention on (2.11). We fix 0 < i9 < t—1 and derive conditions 
on k;, necessary for a given term in (2.11) to not contribute to S(n—nj,|n,t). In 


particular, if k,, > p’*/*', then by (2.8) we have 


t-1 
S- the tokio > pe > Ny. 
i=0 
Thus no terms in (2.11) with such values for k;, would contribute to S (n — n;|n,t). 
So for all i € {1,...,t—1}, we need only consider terms from (2.11) with k; < p?t7t?. 
Now we fix more generally 0 < i9 < t—1. By considering (2.9) we see for 
J € {0,...,u—1} that if k;, 4 0,1 (mod p’*/t!), then there will be at least one 


borrow when subtracting k,, from n —n, in base p. Hence by Lemma 2.3, we obtain 


hee 2), implying 


»| ( n— ny eal > Tyke 
RGyc<e chet Kio Rogcha Wied Rigid hes 


Thus, to determine S'(n — n;|n,t) modulo p, we need only consider terms in (2.11) 


with kg = 0,1 (mod p’*/*1) and k; = 0,1 for each i € {1,2,...,¢ — 1}. 


Le 


With i € {1,2,--- ,t-—1} and k; as in the sum in (2.11), let z be the number of 


vn) 


such i with k; = 1. Then ky) = n-—ny—z =1-—z (mod p , where the congruence 


ee 


comes from (2.9). Since kp = 0,1 (mod p , we must then have 


2=1,0° (mod p"""), 


If z > p’t/+! then we would have 


This means we only need consider z = 1,0. Hence, since A(t,0) = 1, we use (2.9) to 


deduce for each J € {0,...,u} that 


NE ee) 
ny 


5 (n—nglmt) = ( 


+ nn) SACD re ee ee 7 ‘ (2.12) 


yao be Leg) 


=F Att) ( (mod p). 


ny J 
Rewriting (2.12) yields 
= Sg tee) t 
S(n—ny|n,t) =>0 Alt) i ce pee ae (mod p). 
j=0 


Since (t+ 1)(n —1—njz) =0 (mod p*t¥t?) and for 0 <j <t—1,nz—j < p’tyt, 
any borrows in the subtraction (nz — 7 + (( +1) (n—1—n,) +t) —(n; — 7) in base 
p will come from the subtraction (nj; — 7 +t) — (nj; — 7) in base p. 

We can use these facts to simplify S(n —n,|n,t) further. Via the division algo- 
rithm, we write ny —j7 +t = q-p’t?*++ +r where 0 <r < p’t/t!. Then the base p 
expansion of (ny — j + (t+ 1)(n —1—n,) +?) has its digits in the p’*/*+'-place and 


v+J+1 


higher arising from (t+ 1)(n-—1l—ny)+q-p , while the lower digits arise from 


r. Thus we can use Lemma 2.4 to obtain 


ar a ua ies. || r 


nyi-J 0 
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“(lor)=Cos25) te 


Substituting this simplification into S(n —n,|n,t), we obtain 


t-1 n ee He 
Sin nyt) sated) (24) nod ») 
j=0 ny—J 


Using the symmetry of binomial coefficients, we have 


S(n —nyz|n,t) = DAs) @ a = (ny +1) (mod p), 


where the second equivalence comes from (2.4) and (2.5). Recalling that nz is divisible 


by p’, we see S(n —ny|n,t) =1 (mod p) so that the lemma follows. 


While Lemma 2.7 will allow us to find candidates for the vertices on the Newton 
polygon of f (x|n,t), we will use the following lemma to show that no other vertices 


can appear in the Newton polygon. 


Lemma 2.8. Let p| (n—1). Ifm=n (mod p), then vp (S(n—m|n,t)) > 0. 


—(n—m) _ »~m 


Proof. By Lemma 2.5, we have that S (n — m|n,t) is the coefficient of x” x 


in the expansion of 


t-1 ay 
be ( es (0 A(t, *) op duico ths 
kot--+kp_1=n—ny Ky. +5 hea i=0 


times 


. eee ee nee 

sau ed) ig) 

We fix 0 < io < ¢t— 1 and consider the k;, appearing in the first factor above. Since 
m =n (mod p), we have p| (n—m). If p {k,,, then we can rewrite the multinomial 


coefficient and use Lemma 2.3 to obtain 


n-—m n-—m == hi, 
= =0 (mod p), 
6 ae Hy ) ( Kin (, one eee Rin-+15 ar es) ( P) 
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since there will be a carry when subtracting k;, from n —m in base p. Thus the only 


nonzero terms in 
nm— im as k t-1 
Dy fe k (Tas } gruiz0 3 
kote+kr-1=n—m \008 + 09 MET 


when considered modulo p, are those where for each i € {0,...,¢ — 1} there are non- 
negative integers ki such that k; = pki. That is, reducing S(n —m|n,t) modulo p, 


we only need consider the coefficient of x” arising from the multiplication of 


u ino Pky 
yy Cin pki ) awa “)s 


pkit+---+pk}_y=n—m i=0 
by 
3 e (t+ 1) ia 
2 tI) (n—m)—1 )” 


For each term in the first sum in order to get a contribution to the coefficient of x” 


in the product, we want to consider 


t-1 


j=m—)Cipk; 


i=0 


in the second sum. 


We now turn our attention to the binomial coefficients 
j+(t+l)(n—m)-1\_ (m—-YVabipki ++) (n-m)-1 
(¢+1)(n—m)-1 } (t+1)(n—m)-1 
Recall m = n = 1 (mod p), so 


t=1 
m—S cipki + (t+1)(n—m)-—1=0 (mod p) 
i=0 


and 
(t+1)(n—m)—-1=p-—1 (mod p). 


Thus, Lemma 2.3 implies that 


ti — Lixo tpki + (t+1)(n—m 
( 


DN 
t+1)(n—m)-1 )=o mod?) 


Hence, S(n —m|n,t) =0 (mod p) since each term contributing to the coefficient of 


x” in the product above is divisible by p. The lemma follows. 
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We can now prove Theorem 2.6. 
Proof of Theorem 2.6. Recall it suffices to show each of the following: 


1. The Newton polygon for f (x |n,t) with respect to p is the lower convex hull of 


the points in (2.10). 


2. The slopes of the edges joining the successive pairs of points in (2.10) are strictly 


increasing from left to right. 


Fix integers n > 3, t > 1 and a prime p dividing n — 1. Starting with (1), for 


O71 — set 
Ri) ao , n . 
c= —S(j|n,t) =(n—- 5)! |SG|n,t). 
9! n-J 


Thus f (x|n,t) = 0f_, ga?*. For J € {0,...,u} define n; as in (2.8), with n_, = 0. 
Note that since f (x|n,t) is monic, v, (c,) = v, (1) = 0, meaning (0, 1, (c,)) = (0, 0) 
is on the Newton polygon with respect to p. 


Next, we show for J € {0,1,...,u} that 
ee ; 
Up (Cans) = ——z D4 (p"*¥ — 1). (2.13) 
Pp j=0 
Using the definition of v, (-), we see that 
n 
Vp (Cn—ny) = Up (nz!) + Mp ((")) +, (S(n—-—nyz|n,t)). (2.14) 


Since v > 1, the difference n—7n, requires no borrows in base p. So, applying Lemmas 


2.2, 2.3 and 2.7 to the respective terms in (2.14), we see 


7 — Se (n ee ois 
Vy (Cn—-ny) = — p{ra) +0+0= > a; (p"¥ - 1). 
p—- 1 j=0 
Thus, we see (2.13) holds, and the set (2.10) is precisely the set 


{sy Carne), |e LU, eas EPS (2.15) 


pal 


To prove (1) we must show that all points in the set 


{(J, Vp (Cn—3)) | J S {0, Pe a 1} 


lie on or above the lines joining successive points in (2.15). It is clear that the points 
in (2.15) lie on said lines, so consider a point (m, Vp (Cn—m)) not belonging to (2.15). 


Ifny <m < nj for some J € {—1,0,...,u— 1}, then it suffices to show 


Vp (een — Vy (aa) Ss Vp (esis) — Vp (Cn—nz) 


(2.16) 


m— Ny NI+1 — Ns 
Using the definition of v, (-) once more with (2.13), the inequality in (2.16) is equiv- 
alent to 
vp (m!) + vp ((f,)) +H (S (n= mIn,t)) ~ (ms ~ s9(r))/P-V) pra 
m— ny ~ (p—1) pety+t 


(2.17) 


We note from (2.9) and v > 1 that s,(n) —s,(n;) = s,(n—n,). Using this observation 


along with Lemmas 2.2 and 2.3, we multiply both sides by p— 1 to transform (2.17) 


into 
(m — ny) + (8p (nm = m) = Sp (n — ny) + (p- 1) %(S(n-m|n,t) ¢ pert -1 
m—ny < pets 
Subtracting 1 and then multiplying both sides by (m — 7) yields 
m — Nz 

Sy (n — Mm) — 8) (n-—nz) + (p-1)y%(S(n-—m|n,t)) = — (2.18) 

From (2.9), we have that 
n—-ny=n—-l—-njyt+1l=p” S© ap +1, 
j=J+1 
so 
Sp(n—ny)=1+ © ay. (2.19) 
j=J+1 


Ze 


Recall ny <m < nj41. In the equations that follow we interpret a sum from 7 = u+1 


to 7 = uas 0, which arises when J = u — 1. Then we can write 


n—-m=(n—1l—ny4yi)+(ny41+1—m) =p” So ap’ +o ep’, (2.20) 
j= J+2 jeT 


where T C {0,1,...J +u+ 1} is a non-empty set and each e; € {1,2,...,p— 1}. 


Thus, we obtain 


uU 


Sp(n—m)= Y~ ast dog. (2.21) 


jaJ+2 fer 
Further, we can write 
n—-m=(n—-1l—nj)+(nzt+1l—m)=p’ ajp) +ny+1—m. (2.22) 
j=J+1 


Setting the right-hand sides of (2.20) and (2.22) equal and solving for n; — m gives 


ny-m=)> ep’ — agyip’t?tt — 1. (2.23) 
jer 
Substituting (2.19), (2.21) and (2.23) into (2.18) yields 


x ep) — ay hee 
=o Say Ona me) 
jeT Pp 
Rearranging the above gives 
Se (1- pF) - 14+ @- 1) y%(S(n—m|n,t)) = —prr. (2.24) 


jer 
Recall T # @. Observe that if v,(S(n—m|n,t)) > 0, then the left-hand side of 
(2.24) is positive, and so the inequality holds. Alternatively, the contrapositive of 
Lemma 2.8 tells us that if v,(S(n—m|n,t)) = 0, then m # n (mod p), implying 


0 € T so that €9 > 1. This allows us to simplify the left-hand side of (2.24), obtaining 


> é; (1 = prs) =e (1 — ptt) juss (1 — ptt) Se SS  oceri 
jeT 
Thus, (2.24) and the equivalent (2.16) holds. This completes the proof of (1). 


For (2), let J be such that ny A n741. Then, 


Vp Cresta —Yp(Cn—ng) 41 (pry = 1) =. ol ( _ an) . 2225) 


Ny41— Ny (p—l)asyp'tit! — p-1 


Since the right-hand side of (2.25) increases as J increases, we deduce that (2) holds. 


This completes the proof of the Theorem 2.6. 
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2.4 PROOF OF THEOREM 1.2 


We now have what we need to prove Theorem 1.2, namely 


Theorem 1.2. The polynomials 


are irreducible for all integers n > 2 andt > 1. 


Proof. When n = 2, we have f (#|2,t) = 2 + 2° which is irreducible. For n > 3, let 
p be a prime dividing n — 1 and adopt the notation of Section 4. From the proof of 
Theorem 2.6, the slope of the line segments joining two successive points in (2.10) is 


of the form 


1 1 gett ey 
p—l ( - aaa) = (p —1) pert 
for J € {-1,0,1,...,u}. Observe that when this last fraction is reduced, the de- 


v+J+1 


nominator is p . This implies that for a segment with this slope, the horizontal 


»+J+1 In particular, from Theo- 


distance between the consecutive lattice points is p 
rem 2.6, the smallest horizontal distance between any two consecutive lattice points 
on the Newton polygon of f (x|n,t) with respect to p is p’, and so the horizontal 
distance between every pair of consecutive lattice points is divisible by p’. This is 


true for every prime power p” dividing n—1. Thus, any irreducible factor of f (x | n, t) 


has degree divisible by n — 1. Since the degree of f (x|n,t) is n — 1, the proof is 


complete. 
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CHAPTER 3 
9-ADIC INTEGER SOLUTIONS TO THE 


PROUHET-'TARRY-ESCOTT PROBLEM 


3.1 PRELIMINARY MATERIAL 


Let n be a fixed positive integer and let X = [11,22,...,%p] and Y = [yi, yo,-.-, Ynl 


be lists of integers. Define 


w (z) =w(X,Y,z) = leo) I@—w). 


Recall from Corollary 1.4 that the pair {X,Y} is an ideal PTE solution over the 
integers if and only if w(z) is a non-zero constant. We adapt this definition in the 


following. 


Definition 3.1. For a positive integer k, let X and Y be lists whose entries are 
integers that lie in the interval 0, on), We say that the pair {X,Y} is an ideal PTE 


solution modulo 2* if 
w(X,Y,z)=C (mod 2"), (Sch) 
for some integer C #0 (mod 2*). 
Ideal PTE solutions modulo 2* satisfy the following. 


Proposition 3.2. If {X,Y} is an ideal PTE solution modulo 2", then 


Si 2i= Soy’ (mod 2"), fori e {1,2,...,n—-1}. 


rex yeY 
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Proof. Let X = [21,%2,...,%p]| and Y = [y1,ya,.--,Yn] be an ideal PTE solution 


modulo 2". Define, for 0 < j <n, integers a; and b; such that 


(z—2;) = ajzi and [J (z-y;) 50 },2’. 
j=0 j=l j=0 


j=l 


Note that 


Since {X,Y} is an ideal PTE solution modulo 2*, we have that 
a;=b; (mod 2*) for j € {1,2,...,n—1}. (3.2) 


The integers a; and b; are precisely the (n — j en elementary symmetric polynomials 


in X and Y, respectively. For each 0 <i < n—1, we know that 7%, 2, and D7, yj 


can be expressed as linear combinations of a; and b;. By (3.2), the result follows. 


The converse to Proposition 3.2 is not true. For example, the lists X = [1, 0,0] and 
Y = [1,1,1] satisfy the conclusion of Proposition 3.2 with k = 1, but w(X,Y,z) = 
z+1 (mod 2). This differs from the the result over the integers in Corollary 1.4. With 
this in mind, we define ideal PTE solutions modulo 2 as we do in Definition 3.1 rather 
than an analog of (1.4) as we are interested in studying the 2-adic valuation of C,, 
defined in (1.6). 


We will now look at some more properties of ideal PTE solutions modulo 2". 


Lemma 3.3. If {X,Y} is an ideal PTE solution modulo 2", for some k > 0, then X 


and Y contain the same number of odd entries. 


Proof. Let 0, and oy be the number of odd entries in _X and Y respectively. Without 


loss of generality, suppose 0, — 0, > 0. Then 


w(z) = 2% (z+ 1) 42% (z4+1)" (mod 2) 


III 
R 


II 
xR 


mer (zg 1) ((z +1) % 42%") (mod 2). (3.3) 
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If {X,Y} is an ideal PTE solution modulo 2*, for some k > 0, then {X,Y} satis- 
fies (3.1) with C = w (0). So we have, 


w(z)=w(0) (mod 2), 
which is constant. We see that (3.3) is constant only if 
(2 +1)" % 4 2%~°y =() (mod 2). 


which happens only when o, — o, = 0. That is, {X,Y} is an ideal PTE solution 


modulo 2" only if X and Y have the same number of odd entries. 


Given an ideal PTE solution modulo 2", we are interested in whether or not there 
exists a lift of that solution that is an ideal PTE solution modulo 2*+!. We now 
introduce some notation that will be useful when talking about lifting solutions. For 
ordered lists A = |[a1,...,@n] and B = [bi,...,b,] and integers c we define list addition 


and scalar multiplication as 
A+B=|ai+h,...,@n+6,] and c-A=|c-a1,...,cC- an, 


respectively. We will let {X;,Y;,} represent a solution modulo 2* with each entry 
of X; and Y; in the interval 0, oP): Further, w; (z) will represent the correspond- 
ing polynomial w(X;,, Y;,z). Let T, = 2* - [é,...,tn] and U, = 2* - [u,..., un| 
where t;,u; € {0,1} for 1 < 7 <n. Let pee} = {X,+ Tk, Ye + Ux}, whose 

corresponding polynomial is 
we (2) := |] (z ae fas 2t;) -]f (z = Y= 2*u;) (3.4) 

jel jel 

Observe that each entry of Xj and Y,* is in the interval (0, 2**"] and congruent to 
their corresponding entries in X; and Y; modulo 2*. Also, w{(z) = wz(z) (mod 2°). 
We refer to {X;,Y,7} as a lift of {X,,Y,}. If {Xz, Ye} is an ideal PTE solution 


modulo 2*, lifting will refer to the process of finding a pair {X;,Y,*} that is a 


yas 


lift of {X;,Y,}. A pair {X;,,¥,} is said to be lifted if a lift {X,Y,'} has been 
found. If {X,z,¥;} is an ideal PTE solution modulo 2*, we say that {X;,Y;,} has 
been successfully lifted if we have found a lift {X;°, Y,*} that is an ideal PTE solution 
modulo 2**!. In this case, {X;', Y,*} will be referred to as a successful lift of {X;, Yi}. 

Studying the polynomials w,; (z) and w; (z) is going to be key to us finding 2- 
adic solutions. Specifically, we want to get a handle on the coefficients of w;, (z) and 

For a list S = [51,...,8n] and 1 < 7 < |S|, denote by e; (S) the j elementary 
symmetric polynomial whose variables are the elements in S. For later purposes, we 


note that eo (S) = 1. We also make note of the following. 


Lemma 3.4. Let S = |s1,...,5n| be a list of integers and let noaa denote the number 


of odd entries in S. Then 
e;(S) =0 (mod 27"), for j > noaa- 


Proof. Each term in e; (S) is a product of j entries in S. If 7 > noaa then necessarily 


each term in e; (S') must contain at least 7 —Moaa even entries. The result follows. 


For a pair {X;, Y,}, we can write 


wr (z) = w (Xz, Ye, z) -Y \"4 (en—j (Xk) — en—z (Ye)) 2? 


If { Xx, ¥,} is an ideal PTE solution modulo 2*, then wy, (z) = wz (0) (mod 2*). For 


1 <j <n-—1, define the integers d; by 


€n—j (Xk) — en—y (Ya) 


d; = Ok 
Then 
n-1 ; ; 
we (z) = we (0) +2® S (-1)" djz’. (3.5) 
j=l 
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Define S* = [S1,---)$i-1, Si41,---)Sn]- That is, S? is the list S with the i entry 
removed. Expanding w;(z) given in (3.4) yields 
(z— aj) tur T] (2-45) | + wee) +2”p(2) 


i=l 1<j<n 1<j<n 
j#i j#i 


> (en—1-5 (xj) ty — Cy 1-5 (¥) u)] od 


fl 
ie) 
cd 
Me 
| 
sr 


we (2) 


| 
bo 
Ey 
3 
aah 
an 
“—— 
| 
—_ 
Sihnssealt 
3 
x 
Ye oe 


(3.6) 


for some polynomial p(z) with integer coefficients. Let noaq be the number of odd 
entries in each of X,; and Y;,. For each 2, both os i} and Yi contain at least Noaq — 1 
odd entries. So, by Lemma 3.4, e,_1 (xj) ti; — €n—1 (vi) u; is divisible by 2"~"°«4, for 


each 1 <i <n. With this in mind and substituting (3.5) into the (3.6), we obtain 


wy (z) =2* > (-1)"7 (« aid 3 (en—1-j (xj) eee (¥;') u)) z 


+ we (0) Qh oat +275 (2) , 


for some integer C’. For 1 < 7 <n —1, define 


n 
A A 


d; = d; + > (€n—1-j (Xj) i — €n—-1-j (v) ui) é 


i=1 
Then 
n-1 \ ; 
wy (z) = 2* S* (-1)"7 dj 2) + we (0) + gktn—noaaCy + 27hy (x) | (3.7) 
j=l 
and in particular 
wy (0) = wy (0) + 2? Poa + 2?*p (0) . (3.8) 


Proposition 3.5. If {X,,Y¥,} is an ideal PTE solution modulo 2* and {X;°,Y,"} is 
any lift of {Xx, Ye}, then vo(wi(0)) = ve(wz(0)). 


Proof. From (3.8), we have 
V ( + 0 = k+n—Nodd 92k 
2 (wf (0)) = v2 (we (0) +2 + 2°*p(0)) . 
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Since {X;,Y;,} is an ideal PTE solution modulo 2’ we have v2(w;(0)) < k. Then, 


since N > Noga, We have 


U2 (wy (0) + 2h*PMossC! + 2?kp (0)) = v2 (wy (0))- 


Hence v2(w7 (0)) = > (wy, (0)). 


The following corollary immediately follows. 


Corollary 3.6. If {X;,,¥,} is an ideal PTE solution modulo 2* and ({Xj, Yi}) ony 


is a sequence of successive lifts of {Xz, Y;}, then Vv (w; (0)) = 2 (wx (0)). 


Proposition 3.7. A lift {X;,Y,°} of an ideal PTE solution modulo 2° is an ideal 


PTE solution modulo 2**! if and only if 


d* =0 (mod 2) (3.9) 


j 
for each 1l<j<n-1. 


Proof. From Definition 3.1 and Proposition 3.5, the lift {X;',Y,*} is an ideal PTE 


k+l 


solution modulo if and only if 


wy (z) — wt (0) =0 (mod 2*?), 


This consequence is equivalent to having both 2* dividing wf (z) — wf (0) and the 
congruence (wf (z) -—wt (0)) /2* = 0 (mod 2). From (3.7) we see that 
n-1 : ; 
wy (z) — wg (0) = 2* 0 (-1)" 7 df’ (mod 2**"). 


7 


This is equivalent to 2" dividing wf (z) — wy (0) and 


wt (2) oui (0) _ > (-1)"F ate? (mod 2). (3.10) 


The right-hand side of (3.10) is 0 (mod 2) if and only if (3.9) holds for each 1 < 7 < 


n — 1. Proposition 3.7 follows. 
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The next examples illustrate that not every solution can lift and even if we can 
successfully lift a solution, we are not guaranteed to be able to lift the solution more 
than once. 

If n = 4 and the pair {X;, Y;} is an ideal PTE solution modulo 2*, then Propo- 
sition 3.7 implies a lift Eerie is an ideal PTE solution modulo 2**! if the 


t;,u; € {0,1} satisfy 
0=a +¥ (e (xi) ti — en ( ©) ui) (mod 2); 


0=& +0 (e:(Xf)i—er(¥e)\ ui), (mod 2), 


0=d;+5¢ (co (Xi) ti — €0 ( ‘) ui) (mod 2). 
Suppose X; and Y; each contain exactly one odd entry. Without loss of generality 
we suppose that x, and y, are odd. Then the above congruences become 
0=d, (mod 2), 


0=d.+) (t;+u;) (mod 2), 


0O=d3+) (t;+u;) (mod 2). 


We can always find a solution to the last two congruences, but we have no control 
over the first. So, we can only lift the solution {X;, Y,} if the coefficient of z in wy (z) 


is divisible by 2*+!, which is not always the case. For example, 
Xe = [1,42,0,0], Ye = [33,2,4,4] and we (z) = —320z? + 1088z — 1056, 


is an ideal PTE solution modulo 2°, but the coefficient of z in w, (z) is not divisible 
by 27, so we cannot lift {X¢, Ye} to an ideal PTE solution modulo 2’. 


Now consider 


Xo = [1,34,24,0], Yo =(33,10,12,4] and we(z) = —1922? + 65282 — 15840, 


dl 


which is also an ideal PTE solution modulo 2°. The coefficient of z in we(z) now is 


divisible by 2, so we can lift {X¢, X¢} if we can choose the ¢;’s and u,’s so that they 


satisfy 
4 
1=S (t+u;) (mod 2), 
i=2 
4 
0= S- (t; oT Ui) (mod 2}, 
i=1 


One possible assignment is tg = tg = uy = ug = 1 and t, = tz = ug = uz = 0, which 


gives 
Xg = (1,98, 24,64], Yo" = [97,10,12,68] and w¢ (z) = 42242 — 640992. 


This is an ideal PTE solution modulo 2’. Similar to the first example, the coefficient 


of z in w¢ (z) is not divisible by 2°, so we will not be able to find a successful lift of 


{X¢,¥¢"} to a solution modulo 2°. If we make a different assignment above, however, 


say tg = ur. = land i= te = t¢ = wo = us = Uy = 0) we obtain 
Xe = (184880) oF (9G 10,12,4) and: aot (2) 38427 + 176642 — 46560. 


With these lists, the coefficient of z in wé¢ (z) is indeed divisible by 2°, so we will be 
able to keep lifting. That is, we can let {X7,¥7} = {X¢, Ye" } and repeat the lifting 
process. 

What we have seen is that, even though Proposition 3.7 gives the criteria to find 
a successful lift of a pair {X;,, Y,}, not all lifted solutions we obtain can continue to 
be lifted. In the next section, for 3 <n < 8 we will present sufficient criteria for 
{X;,, Y¥,} to have a successful lift and give examples of ideal PTE solution modulo 2* 


that can be lifted indefinitely. 


3.2 SEQUENCES OF IDEAL PTE SOLUTIONS MODULO 2* 


For a positive integer A’, suppose ({X,, Y;})@ ~ is a sequence of pairs such that 


{X;,, Y,} is an ideal PTE solution modulo 2° and {Xx41, Yeri} is a lift of {X,, Y,} 
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for each k > K. Define for each k > K and j € {1,2,...,n — 1} the integers d),; by 


€n—j (Xk) — nq (Ye) 


jee i . (3.11) 
Then, by (3.5), we obtain 
we (z) = we (0) + 2” 3s (1)?! dige?, (3.12) 
j=l 
Since {Xp41, Yer} is a lift of {X;,, Y,}, by (3.7), we see that 
Wri (z) = 2° 3 (—1)"7 df jz? + we (0) + 2° CL + 2”¥ px (2), (3.13) 
j=l 
for an integer Ci, a polynomial p;(z) € Z[z], and 
de; dep + oe (iio (Hal) (3.14) 


Lemma 3.8. Suppose, for an integer k, that {X,,Y,} is an ideal PTE solution 
modulo 2* and {Xx41, Yess} ts a lift of {Xp, Ve}. Let dpi; and di; be as in (3.11) and 
(3.14), respectively. Let m be a positive integer and a; be an integer for 1 <j <n—1. 


Then fork >m, we have 
ce =0 (mod 2”) (3.15) 
j=l 
if and only if 
+ ad, =0 (mod 2”*"). 


j=l 
Proof. Note that (3.15) holds if and only if 


n-1 
2° ajdgyi, =0 (mod 2"). (3.16) 


j=l 
Comparing (3.12) and (3.13) we have 


desig =At,+2*p,3, for j € {1,2,...,.n—1}, 
for some integer p,,;. Substituting the above into (3.16) yields 


n-1 


n-1 
>> ajdf, + 2* S* ajpej =O (mod 2”*"). 
j=l j=l 


Since k > m, the result follows. 
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We will now show for 3 < n < 8 that there exist infinitely many sequences of 
pairs Aes Vat od such that, for each k > ky, +1, we have {Xx, Y;} is an ideal 
PTE solution modulo 2" with vp (wy (0)) = ky and {Xx41, Yeri} is a lift of {Xx, Ye}. 
In the next section we establish Theorem 1.5 by describing how one can construct a 


2-adic integer solution from a sequence ({Xx, Ye}) pep, 41: 


3.2.1 n=3 


Lemma 3.9. For n = 3, if {Xx,Yz} is an ideal PTE solution modulo 2°, for some 
k > 0, with nova = 1, then there exists a lift {X,Y} of {X,,Y,} that is an ideal 


PTE solution modulo 2*+!. 


Proof. Without loss of generality we suppose that x; and y; are odd. By (3.14) we 


have 
dey =dpitthottes + Uro+Urg (mod 2) 
(3.17) 
dis = dao t+ ti, + tee + tkg + Una + Uso + Ue3 (mod 2). 
Let 
ter =dpit+de2 (mod2), ug. =0, 
tka = dg (mod 2), a= 0 (3.18) 


Uk,2 = Uk,3; Uk,3 E {0, Lh. 


Substituting (3.18) into (3.17) yields 


Thus (3.9) holds and so by Proposition 3.7, {X;,Y,'} is an ideal PTE solution 


modulo 2**!, 


Proposition 3.10. There exist infinitely many sequences ({X;, Y;})p3 with 


{X3, Y3} — {[1, 4, OF [5, 6, 2]}, 
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such that for each k > 3, the pair {X;,,Y,} is a lift of {X,_1, Yp_-1} that is an ideal 


PTE solution modulo 2* with vz (wz (0)) = kz = 2. 
Proof. Observe that 
w3 (z) = 82? — 482 +60 =4 (mod 2°). 


So, {X3,Y3} is an ideal PTE solution modulo 2°, that is not an integer solution 
to the PTE problem and that satisfies v2 (w3(0)) = 2. Since {X3, Y3} satisfies the 
hypothesis of Lemma 3.9, so will any lift {X3, Y3}, and we see that we can construct 
a sequence ({X3, Y3})72., such that for each k > 3, the pair {X;,, Y,} is a lift of 
{X,-1, Yr_1} that is an ideal PTE solution modulo 2", by lifting {X3, Y3} successively 
with the assignments (3.18). By Corollary 3.6, it follows that v2 (wz (0)) = 2 for all 
k > 3. To see that there are infinitely many such sequences, observe that in (3.18) 


we allow for uxz.3 to be either 0 or 1. Thus, we can construct a sequence ({Xx%, Yi }) 7.3 


corresponding to any sequence of 0’s and 1’s for the values of uz 3. 


3.2.2 n=4 


Lemma 3.11. Forn = 4, if {X,,Y,} is an ideal PTE solution modulo 2", for some 


bk >0, with neag= 2. and 
0= di. + dio + dy,3 (mod 2), (3.19) 


then there exists a lift {X;,Y,;"} of {Xz,¥,} that is an ideal PTE solution modulo 


gk+1 


Proof. Without loss of generality we suppose that x; and y,; are odd for j € {1,2}. 
By (3.14) we have 


dy = dha + tz + tha + Ung + Una (mod 2), 


dy = dh2 + thr + th2 + Un + U2 (mod 2), (3.20) 


di 3 = dia + thr + tha + tea + tha + Un + Une + Uns + Una (mod 2). 


Let t,; and ux; in {0,1} be defined by 


_ di + dea + deg 


tk 5 (mod 2), ipa 0, 
Uri =teit+dg2 (mod 2), Une = 9, 
(3.21) 
ti,3 =dk2+dk,3 (mod 2), tea = 0, 
Uk,3 = Uk A; Ura € {0, 1}. 


Note that such t,,; and uz,; in {0,1} exist since (3.19) holds. Substituting (3.21) 
into (3.20) yields that each of dj ,, df. and dj, is 0 (mod 2). Thus, (3.9) holds and 


Proposition 3.7 implies that {X7°, Y,;"} is an ideal PTE solution modulo 2**1, 
Proposition 3.12. There exist infinitely many sequences ({Xx, Ye})p 3 with 
{Xa Yop — 4) 1b, 10,015.1%.3;6.2)) (3.22) 


such that for each k > 3, the pair {X,,Y,} is a lift of {Xp-1, Ye_-1} that is an ideal 


PTE solution modulo 2* with vz (w;(0)) = k4 = 2. 
Proof. Observe that 
w 3 (z) = 162° — 1122? + 2882 —252=4 (mod 2°). 


So, {X3,¥3} is an ideal PTE solution modulo 23, that is not an integer solution to 


the PTE problem and that satisfies 12 (w3 (0)) = 2. Also note that 
d31 + d3.9 + d3,3 = —36 -14-2=0 (mod 2), 


so {X3, Y3} satisfies (3.19) with k = 3. 

First we prove that we can construct a sequence ({Xx, Yx})73 of ideal PTE so- 
lutions modulo 2* that are obtained by successively lifting {X3, Y3}. Since {X3, Y3} 
satisfies the hypothesis of Lemma 3.11 with k = 3, it suffices to show that for an 


integer k > 3, if {X;,Y,} is an ideal PTE solution modulo 2* congruent to {X3, Y3} 
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(mod 8) that satisfies (3.19), then the lift of {X;,, Y;,} obtained in the proof of Propo- 
sition 3.11 also satisfies (3.19) but with k replaced by k + 1. 


From (3.14) we note that for all k > 3 we have 


A 


dij = dy + y (en-1-3 (x4) thi — Cn-1-5 (v3) Un) (mod 2”) 


i=1 


for j € {1,2,3} and m < 3. Substituting (3.22) into the above with m = 2 yields 


diy = dpitte3t+tea—Ur3 — Ura (mod 4) 


dio = dy tht tho 2tk.3 2th Uk,1 Uk,2 (mod 4) 


bp 5 
dis = dp +ter + thet tes + tha — Ub — Uke — U3 — Ura (mod 4). 


From the above we deduce that 


dei tdgot dps = dha + dao + dig +2 (tha + ust ura) (mod 4). 
Substituting the assignment (3.21) into the above yields 
diy + digg + dg3 = 2 (dea + dk2+dz3) (mod 4). 
Since {X;,, Y,} satisfies (3.19), we have 
di, t+dj,+df,=0 (mod 4), 


and so by Lemma 3.8, we see that {X441, Yi¢i} satisfies (3.19) but with k replaced 
by &+1. 

So, we can construct a sequence ({X;, Ye})-_3 such that for each k > 3, the pair 
{Xx, Ye} is a lift of {X,~1, Y,-1} that is an ideal PTE solution modulo 2" by lifting 
{X3, Y3} successively with the assignments (3.21). By Corollary 3.6 it follows that 
V2 (w,z(0)) = 2 for all & > 3. To see that there are infinitely many such sequences, 
observe that in (3.21) we allow for uz4 to be either 0 or 1. Thus, we can construct a 


sequence ({X;, Y;})7_3 corresponding to any sequence of 0’s and 1’s for the values of 


Uk,4- 


37 


3.2.3 n=5 


Lemma 3.13. For n =5, if {X;,Y,} is an ideal PTE solution modulo 2", for some 


k>0, with nog = 1 and 
0=dkit+2dp2 (mod 8) and 0=dx2 (mod 2), (3.23) 


then there exists a lift {X;,Y,;°} of {Xz, Yu} that is an ideal PTE solution modulo 
Qk+1 


Proof. From (3.23), we see that 2d;,2 = 0 (mod 4), and so 
dy; =0 (mod 4). 


Without loss of generality we suppose that x; and y; are odd. By (3.14) we have 


di, =dz,1 (mod 2) 


diy =dz (mod 2) 


5 
3.24 
dig =dk3+ ye (ty,j + Uzj) (mod 2) ( ) 
j=2 
5 
dig = dpa + S- (thy + Ue) (mod 2) 
j=l 
Let t,; and u,; in {0,1} be defined by 
tha =dk3+dz,4 (mod 2), Uk = 0, 
d 
tho = a + di.3 (mod 2), th3 = 0, 
dy4 + 2d 
Ure = a (mod 2), ipa = 0, (3.25) 
d 
Ukg = Un2 + os (mod 2), tee =O; 
Uk = Uk,5; urs € {0, 1}. 


Note that such ¢,; and u,,; in {0,1} exist since (3.23) holds. Substituting (3.25) 
into (3.24) yields that each d;, in (3.24) is 0 (mod 2). Thus, (3.9) holds and so by 


Proposition 3.7, the pair {X;', Y,;"} is an ideal PTE solution modulo 2**?, 
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Proposition 3.14. There exist infinitely many sequences ({X;,Y;})p5 with 
{X5, Ys} = {[1,4, 8, 16, 0], [17, 14, 10, 18, 2]}, (3.26) 


such that for each k > 5, the pair {X,,Y,} is a lift of {Xp1, Ye_1} that is an ideal 
PTE solution modulo 2* with vz (wz (0)) = ks = 4. 


Proof. Observe that 
ws (z) = 322* — 11522 + 14080z? — 66816z + 85680 = 16 (mod 2°). 


So, {X5, Ys} is an ideal PTE solution modulo 2°, that is not an integer solution to 


the PTE problem and that satisfies 72 (ws (0)) = 4. Also note that 


ds, + 2ds. = —2088 — 880 =0 (mod 8), 


ds5 = —440=0 (mod 2), 


so {X5, Ys} satisfies (3.23), with k = 5. 

First we prove that we can construct a sequence ({X;, Yc })zL5 of ideal PTE so- 
lutions modulo 2° that are obtained by successively lifting {X5,Y5}. Since {X5, Ys} 
satisfies the hypothesis of Lemma 3.13 with k = 5, it suffices to show that for an 
integer k > 5, if {X,,Y,} is an ideal PTE solution modulo 2" congruent to {X5, Ys} 
(mod 32) that satisfies (3.23), then the lift of {X;,, Y,} obtained in the proof of Propo- 
sition 3.13 also satisfies (3.23) but with k replaced by k + 1. 


From (3.14) we note that for all k > 5 we have 
dys = deg + > (en—1-3 (x2) thi — €n—1-j (v2) Up) (mod 2”), 
j=l 


for j € {1,2,...,4} and m < 5. For j € {1,2}, substituting (3.26) into the above 


with m = 4 yields 


dy, = dk — 4uz,2 — 4ug,3 — 4uza — 4up5 (mod 16), 


dyo = di.2 + 8tk.2 + Ati, 3 = Atha = Ati 5 + OUz,2 + 2Uk,3 = 6uK,4 = 6uK,5 (mod 16). 
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From the above we deduce that 


die + 2di,2 = dy ets 2di,.2 + 8 (tks + tha + tks + Uk2) (mod 16), 


dj = dg +2 (Ung + Una) (mod 4). 
Substituting the assignment (3.25), into the above yields 


diy cs 2dio = 2(dki+2d.2) (mod 16), 


digg = 2dy2 (mod 4). 
Since {X;, Y,} satisfies (3.23), we have 


dg, +2df,=0 (mod 16), 


dj» =0 (mod 4), 


and so by Lemma 3.8, we see that {Xx+41, Ye+1} satisfies (3.23) with k replaced by 
k+1. 

So, we can construct a sequence ({X;,, Y,})7-, such that for each k > 5, the pair 
{Xx Y~} is a lift of {X,~1, Y,-1} that is an ideal PTE solution modulo 2* | by lifting 
{X5, Y5} successively with the assignments (3.25). By Corollary 3.6 it follows that 
V2 (w;,(0)) = 4 for all & > 5. To see that there are infinitely many such sequences, 
observe that in (3.25) we allow for uxz5 to be either 0 or 1. Thus, we can construct a 


sequence ({X;, Y;})2_, corresponding to any sequence of 0’s and 1’s for the values of 


Uk,5- 


3.2.4 n=6 
Lemma 3.15. For n= 6, if {Xx, Y,} is an ideal PTE solution modulo 2", for some 
k > 0, with raag=—3 and 

0= dia _ dr.2 + dx.3 _ di. + dis (mod 8), 


0= dr.2 +r di (mod 2) (3.27) 


O0O=dz3+dx5 (mod 2), 
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then there exists a lift {X;,Y,"} of {Xz,¥,} that is an ideal PTE solution modulo 


gk+1 


Proof. From the first congruence in (3.27), we have 


0=deit+de2+dr3+dratdks (mod 2). 


Adding the second and third congruences in (3.27) to the above yields 
dyi =0 (mod 2). 


Without loss of generality we suppose that x; and y; are odd for j € {1,2,3}. By 
(3.14) we have 


dj. ,= dr 1 (mod 2) 
6 
digo =dho+>— (teg +Ueg) (mod 2) 
j=4 
6 
dis = dk3t S- (thj + Unj) (mod 2) (3.28) 
j=l 
6 
digs =dka+ >— (tej + Ung) (mod 2) 
j=4 
6 
dis =dk5+ >> (tej + ung) (mod 2). 
j=l 


Let t,; and uz; in {0,1} be defined by 


d d 
thi = Aa (mod 2), th3 = 0, 

dy, —d dy.3 —d d 
Ung = kl k2 + . ka + Gk,5 (mod 2), te: 

d d 
ths = that Besos (mod 2), Up. = 0, 
2 (3.29) 

tha =tks +d (mod 2), Ung = 0, 
tho =thit Une +dnatdss (mod 2), Ui a0, 
Uk,5 = Uke; Ure € {0, 1}. 


Note that such ¢,; and u,,; in {0,1} exist since (3.27) holds. Substituting (3.29) 
into (3.28) yields that each d;, in (3.28) is 0 (mod 2). Thus, (3.9) holds and so by 


Proposition 3.7, the pair {X;, Y,;"} is an ideal PTE solution modulo 2**?, 
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Proposition 3.16. There exist infinitely many sequences ({X;,Yi})pg with 
{Xo, Ye} = {[3, 1, 1,2, 8, 0], (59, 29, 45, 42, 12, 20]}, (3.30) 


such that for each k > 6, the pair {X,,Y,} is a lift of {Xp-1, Ye_-1} that is an ideal 


PTE solution modulo 2° with vz (wz (0)) = ke = 5. 
Proof. Observe that 


we (Zz) = 192z° — 170242* + 7172482 — 160209912 
+ 1791237122 — 776109600 


= 32 (mod 2°). 


So, {X¢6, Ye} is an ideal PTE solution modulo 2°, that is not an integer solution to 


the PTE problem and that satisfies 72 (we (0)) = 5. Also note that 


dei = deo + de3 _ d6,4 + des = —2798808 + 250328 
— 11207 + 266 -3=0 (mod 8) 


deo +r d64 = —250328 — 26 = 0 (mod 2) 


de,3 +r de 5 = —11207-3=0 (mod 2) 


so {X¢, Ye} satisfies (3.27), with k = 6. 

First we prove that we can construct a sequence ({Xx, Yk})f2¢6 of ideal PTE so- 
lutions modulo 2° that are obtained by successively lifting {X¢, Ye}. Since {X6, Ye} 
satisfies the hypothesis of Lemma 3.15 with k = 6, it suffices to show that for an 
integer k > 6, if {X;, Y,} is an ideal PTE solution modulo 2* congruent to {X¢, Ye} 
(mod 64) that satisfies (3.27), then the lift of {X;, Y;,,} obtained in the proof of Propo- 
sition 3.15 also satisfies (3.27) but with k replaced by k + 1. 

From (3.14) we note that for all k > 6 we have 


dij = dy. j + > (en—1-j (x%) th, — €n—1-j ) Un.) (mod 2); 


i=1 
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for j € {1,2,...,5} and m < 6. Substituting (3.30) into the above with m = 4 yields 
diy = dy + Stk + 6tx.5 = 2tk.6 = 2Uk,5 + 6UK.6 (mod 16) 
dio = dho — 6th — 2th2 — 2thg — Stes t+ ths — Ttk,6 
+ 6ux1 — 6UK2 — 6ux,3 — 3Uz4 + 3uK,5 — 5uz6 (mod 16) 


di.3 = dig t+ Ste — the — Steg — tea t+ tes — Thre 


+ 3UK1 + Ung + Ung — Ue — 5Up5 + 3uxz,6 (mod 16) (3.31) 
dis = di, = Ath 1 as 2tk,2 aa 2th.3 a 3th + TtK.5 = tk6 


— 4uy1 — 2ug2 — 24,3 — Suz, — 3Un,5 + 5uz6 (mod 16) 


Pe 
dys = dks + th + tho + tks + tea + tes + the 
— Uk, — Uk,2 — Uk,3 — Uk — Uk,5 — Ure (mod 16). 


Recall the t,,; and u,; in (3.29) that were assigned to be zero. 
th3 => 0, the = 0, Uk = 0, Uk,3 = 0 and Uk,A = 0. 
Substituting the above into (3.31) yields 


dy, = dy + 8th + 6ths — 2up,5 + 6uz,6 (mod 16) 
dio = dy,.2 = 6tK1 = 2th.2 = otk, + tks = 6UK,2 + 3Uk,5 = SUk,6 (mod 16) 
di.3 = dk.3 + Sth — Othe — tea + tes + Ung — 5UKS + 3UK6 (mod 16) 


dis = di, = Ath 1 — 2tk,2 — otha + Thies = 2Uk,2 — 3Uk,5 + SUk,6 (mod 16) 


a 
dis = dis + th + tha + tha + tes — Un — Urs — Ure (mod 16). 


From the above we deduce that 


di = dio -- di.3 = dis -- dis = dra — dhe + dig — daa + des 


+8 (Ux,2 + Uns + Uke) (mod 16) 


dio t dpa =dko2+dra+ 2tea (mod 4) 


di.3 -- dys = dig d,s 2 (tht + tks + Uns + Uke) (mod 4). 
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Substituting the assignment (3.29) into the above yields 


di — dis + di.3 = dy. 4 a ie dj. 5 =2 (dk. = dio + di.3 — dy, + dy, 5) (mod 16) 


dj. 9 a ii dy. 4 =2 (dx.2 an Ge dx. 4) (mod 4) 


dis +dys =2(dk3+dzs) (mod 4). 


Since {X;, Y,} satisfies (3.27), we have 


de = dio aD di3 _ dy 4 i dys =0 (mod 16) 


dio +dg4=0 (mod 4) 


dz3+dz5=0 (mod 4), 


and so by Lemma 3.8, we see that {Xx+41, Ye41} satisfies (3.27) with k replaced by 
k+1. 

So, we can construct a sequence ({X;,, Y;})7-¢ such that for each k > 6, the pair 
{Xx Yx} is a lift of {X,~1, Y,-1} that is an ideal PTE solution modulo 2* by lifting 
{X6, Ye} successively with the assignments (3.29). By Corollary 3.6 it follows that 
V2 (w,z(0)) = 5 for all & > 6. To see that there are infinitely many such sequences, 
observe that in (3.29) we allow for uz. to be either 0 or 1. Thus, we can construct a 


sequence ({X;, Y;})2-¢ corresponding to any sequence of 0’s and 1’s for the values of 


Uk,6- 


3.2.5 n=7 


Lemma 3.17. For n =7, if {Xz,Y,} is an ideal PTE solution modulo 2", for some 
k > 0, with noag= 3 and 

0 = dea + dk — drg + dra — dks + dz (mod 8), 

0= dr.2 are dr.3 = dia = 3dk,5 = di.6 (mod 8), 


(3.32) 
0=dg3+dx5 (mod 2), 


0O=dgstdxe (mod 2), 
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then there exists a lift {X;,Y,"} of {Xz,¥,} that is an ideal PTE solution modulo 


Qk+1 
Proof. From the first and second congruences in (3.32), we have 


0= dei tdgo+dkg3t+ drat drs +d (mod 2), 


0= dio dig dy, dis di.6 (mod 2): 
Combining these with the third and fourth congruences in (3.32) we deduce 
O=dx1 (mod2) and O=dxg2 (mod 2). 


Taking x; and y; odd for j € {1,2,3} and using (3.14), we have 


dj, =dx,1 (mod 2) 
diy =dx,2 (mod 2) 
7 
dis = dp + S- (thy + Ue) (mod 2) 
j= 
7 
3.33 
dia =dgat Se (th,j + Uk,j) (mod 2) ( ) 
j=1 
if 
dis = dy, 5+ se cae Fe Uk.) (mod 2) 
j=4 
‘s 
dig = dre + SS (thy + Ue) (mod 2) 
j= 
Let t,,; and u,,; in {0,1} be defined by 
d d 
thi = eee (mod 2), tks = 0 
dha td 
the — tht ke 9 Be di.5 (mod 2); tk,7 = 0 
dpi +dk2—d dy.4 —d d 
tes =the k,l k,2 an kA k,5 + Ok,6 Gad): ee 0 
tho = thr t+tr3t+ dis +dkg (mod 2), Ur,2 = 0 (3.34) 
dra +dy3 —dy4 — 3dy5 —d 
una = tes k,2 k,3 i k,5 k,6 aoa 9). = 
tha =the +Ura+dzs (mod 2), ties = 0 
Uk,6 = Uk,7, Ux,7 € {0, 1}. 
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Note that such ¢,; and u,,; in {0,1} exist since (3.32) holds. Substituting (3.34) 
into (3.33) yields that each dj, in (3.33) is 0 (mod 2). Thus, (3.9) holds and so by 


Proposition 3.7, the pair {X;, Y,;*} is an ideal PTE solution modulo 2**?. 


Proposition 3.18. There exist infinitely many sequences ({Xx, Yx})pL7 with 
{X7,Y7} = {[3,5, 1,10, 2, 0, 0], (115, 29, 121, 38, 38, 28, 36]}, (3.35) 


such that for each k > 7, the pair {X,,Y,} is a lift of {Xx-1, Ye_-1} that is an ideal 
PTE solution modulo 2* with vz (w, (0)) = k7 = 6. 


Proof. Observe that 


w7 (z) = 3842° — 65024z° + 541708z* — 2546140162? 
+ 684675225627 — 984229038082 + 587366176320 


=64 (mod 2’). 


So, {X7,¥7} is an ideal PTE solution modulo 2’, that is not an integer solution to 


the PTE problem and that satisfies 12 (w7(0)) = 6. Also note that 


dy + dy — dy3 + dr4 — drs + dz¢ = —768928936 — 53490252 + 1989172 
— 42321 + 508-3=0 (mod 8) 
dra + dr3 — dra — 3d7,5 — d7¢ = —53490252 — 1989172 
+ 42321 + 1524+3=0 (mod 8) 


d7z.3 + d7,5 = —1989172 — 508 =0 (mod 2) 


dz4 +r dz6 = —42321-3=0 (mod 2), 


so {X7, Y7} satisfies (3.32), with k = 7. 
First we prove that we can construct a sequence ({X;, Y,})7-7 of ideal PTE so- 
lutions modulo 2° that are obtained by successively lifting {X7,¥7}. Since {X7, Y7} 


satisfies the hypothesis of Lemma 3.17 with k = 7, it suffices to show that for an 
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integer k > 7, if {X;,,Y,} is an ideal PTE solution modulo 2* congruent to {X7, Y7} 
(mod 128) that satisfies (3.32), then the lift of {X,,Y,} obtained in the proof of 
Proposition 3.17 also satisfies (3.32) but with k replaced by k + 1. 


From (3.14) we note that for all k > 7 we have 


A 


dy; = dy. j + s (en—1-j (x4) thi — €n-1-j (ve) Un.) (mod oe), 


i=1 


for 7 € {1,2,...,6} and m < 7. Substituting (3.35) into the above with m = 4 yields 


dig, = dha — Athg — Ath,7 + ure + 4ue7 (mod 16) 


digg = dz + Atha — Ath2 — Ath.g — tha + Ote,s 


— Aug + 4tg2 + 4uz,3 + 6Uz,4 + 6ux5 + 4ug6 — 4uz7 (mod 16) 


di.3 = dy,.3 Ath 1 At, 9 Ati 3 — 3th 4 otK,5 Ttk.6 Ttk,7 


= Auk = Aur.2 = Aur. 3 + TUk,A + TUK,5 = 3Uk6 + OUk,7 (mod 16) 


df, = dga t+ tar + 7th + 3th — Tea + tes + Tee + Tte,7 (3.36) 


— Uk + Uk2 + 5UK3 + 3UK4 + 3UR5 + SUR 6 — 3UR,7 (mod 16) 


dis = dis + 2th + 4te3 — Stha + 3te5 + Stag + 5ty,7 


— 2up1 + 8uK,2 + 4uK,3 + Una + Uns + TUR — Ur7 (mod 16) 


dig = = dro +tea tthe t+ tes ttea t+ tes + tee + th,7 


— Uk — Uk2 — Uk,3 — Uk, — Uk,5 — Uke — Ue,z (mod 16). 


Recall the t,,; and u,,; in (3.34) that were assigned to be zero. 
tks = 0, th7 => 0, Uk,1 = 0, Uk,2 =0 Uk,3 =0 and Uk5 =0. 
Substituting the above into (3.36) yields 


dy = dy, 1 —At, 6+ Aur ot Aur, 7 (mod 16) 


dj o = dr.2 + Ath 4 _ Ath, 2 _— Ath, 3 _ 2tka + 6UK,4 + Aur.6 _— AUk,7 (mod 16) 


dy. 3 = dr.3 Ath 1 Ath, 2 Ath 3 = otha + 7tk.6 + TUk,A _ 3Uk6 + SUk,7 (mod 16) 


AT 


dy. 4 = da tk Ttk2 3tK.3 = Tles 7tk.6 SUR A OUk,6 — 3Uk,7 (mod 16) 


dj. 5 = dis a 2tk,1 + Ati, 3 = otk, otk.6 Uk,4 7Uk,6 = Uk,7 (mod 16) 


dig = dye + tar t+ tha t+ tea t+ teat tie — Una — Ure — Uxr (mod 16). 


From the above we deduce that 


de -- dies = di.3 -- dia = dis -- di = daa t+ dk2 — dg + dks — dhs + dre 


+ 8tz,3 + 8th.6 + 8UK6 + 8Ux,7 (mod 16) 


digo + dk.3 a dia = 3dz5 = di¢ = dr.2 + di.3 —_ dA — 3dk.5 _ dk.6 


8tk,2 8Uk,A 8Uk,6 SUk,7 (mod 16) 


dis + dps = dz3 t+ dz5 + 2te1 (mod 4) 


dye 4 i di. 6 = di di..6 2th 2tka 2Uk,4 (mod 4). 


Substituting the assignment (3.34) into the above yields 


diy + dg. —df3+dgy— dfs + df = 2dea + 2dp2 — 2de3 


+ Delica = 2dk,5 + 2di.6 (mod 16) 


dis + di.3 — dis = 3dy 5 = di 6 =2 (dy,2 1 di.3 == di. = 3di,5 = dx.) (mod 16) 


dk. 3 oy og dys =2 (dy.3 ae dy 5) (mod 4) 


di4+ dig =2(dkatdse) (mod 4). 


Since {X;, Y,} satisfies (3.32), we have 


diitdgs—di3+di4—di5+dgg=0 (mod 16) 


dig + dy — dy — 3dz5 -—dgg=0 (mod 16) 


dj3+dz5 =0 (mod 4) 


di,t+djyg=0 (mod 4). 


and so by Lemma 3.8, we see that {X441, ¥,41} satisfies (3.32) with k replaced by 


k+1. 
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So, we can construct a sequence ({X;,, Y,})_7 such that for each k > 7, the pair 
{Xx, Ye} is a lift of {X,~1, Y,-1} that is an ideal PTE solution modulo 2* by lifting 
{X7, Y7} successively with the assignments (3.34). By Corollary 3.6 it follows that 
V2 (w;,(0)) = 6 for all & > 7. To see that there are infinitely many such sequences, 
observe that in (3.34) we allow for ux,7 to be either 0 or 1. Thus, we can construct a 


sequence ({Xx, Y¥;})~_, corresponding to any sequence of 0’s and 1’s for the values of 


Uk,7- 


3.2.6 n=8 


Lemma 3.19. For n= 8, if {Xxz, Y,} is an ideal PTE solution modulo 2", for some 


k>0, with nog = 4 and 


0= di. di.2 dr.3 dia dks di.6 dk,7 (mod 16), 


0=dpot+dgpa+dze (mod 8), 
0= di.3 he 2dk,4 + di.5 = 2di6 os 3d4,,7 (mod 8), (3.37) 


0= dy, ac di.6 (mod 2), 


0= dy, 5 di.6 (mod 2), 
then there exists a lift {X;,Y,"} of {Xz, Yu} that is an ideal PTE solution modulo 


gk+1 


Proof. Without loss of generality we suppose that 2; and y; are odd for j € {1, 2,3, 4}. 
In addition to (3.37), we will justify and make use of three additional congruences 


modulo 2 that follow from (3.37), namely 
di. =0 (mod 2); dio =0 (mod 2), and dy, 3+dy6+d,7 =0 (mod 2)e (3.38) 


The first of these follows from adding the first three congruences in (3.37), the second 
from adding the second and fourth congruences in (3.37), and the third from adding 


the third and fifth congruences in (3.37). 
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By (3.14) we have 


di, =dz1 (mod 2) 
dj =dx2 (mod 2) 
8 
dis = dpz + oe (tx,j + xj) (mod 2) 
j= 
4 
dj, =drat S- (te; + Ukj) (mod 2) 
= (3.39) 
4 
dis = dks + > (tej + Ux5) (mod 2) 
j=l 
4 
dig = dre + S- (tej + Ue) (mod 2) 
j=l 
8 
dye 7 = di.7 = i S- (tas a i Uk,j) (mod vay 
= 
Let t,,; and u,,; in {0,1} be defined by 
d dro t+dp3+dpa+dy5 +dyg +d 
tei = k,l k,2 + An.3 a k,5 + dre + Gk,7 (mod 2), =) 
dpa +d 
a a 5 uf + dye +dx7 (mod 2), tia = 0, 
d d d 
Uns = tei fake a ee (mod 2), tke = 9, 
d d 
OH et Pigs sb 5 ae dy (mod 2), tks = 0, 
(3.40) 
th3 = tha + Uk3 + Uk + dpe (mod 2), Un = 0, 
d Qd dis — 2deg — 3d 
uns = ter + tes k3 + 20k,4 + k,6 k,7 (mod 2), tina=0, 
d,yat+d 
tks = Uk5 + aa (mod 2), Uk,6 = 0, 
Uk,7 = Uk8, uxg € {0, 1}. 


Note that such t,,; and u,,; in {0,1} exist since (3.37) holds. Substituting (3.40) into 
(3.39) yields that each d;, in (3.39) is 0 (mod 2), where here we make use of the 
congruences in both (3.37) and (3.38). Thus, (3.9) holds and so by Proposition 3.7, 


the pair {X, Y;*} is an ideal PTE solution modulo 2**1. 
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Proposition 3.20. There exist infinitely many sequences ({X;, Y;})p-7 with 
{X7, Yr} = {[83, 19, 33, 1,42, 10, 64, 0], [15, 7, 13, 101, 14, 22, 28, 52]}, (3.41) 


such that for each k > 7, the pair {X;,,Y,} ts a lift of {Xp_1, Yp_1} that is an ideal 


PTE solution modulo 2* with vz (wz (0)) = kg = 6. 
Proof. Observe that 


w7 (z) = 256z° + 22272z° — 4687360z* + 21312896027 
— 382227225627 + 27546254848z — 61825283520 
= 64 (mod 2’). 


So, {X7,¥7} is an ideal PTE solution modulo 2’, that is not an integer solution to 


the PTE problem and that satisfies 12 (w7(0)) = 6. Also note that 


dy + deo + dg + dea + des + deo + de,7 = —215205116 
— 29861502 — 1665070 — 36620 
—174+2+0=0 (mod 16), 
dpa + dpa + dp6 = —29861502 — 36620+2=0 (mod 8), 
dg + 2dxa + dps — 2dig — 3dg,7 = —1665070 — 73240 
—174—4-0=0 (mod 8), 


dya + deg = —36620+2=0 (mod 2), 


dys + deg = —174+2=0 (mod 2), 


so {X7, Y7} satisfies (3.37) with k = 7. 

First we prove that we can construct a sequence ({X;, Y;})?27 of ideal PTE so- 
lutions modulo 2° that are obtained by successively lifting {X7,¥z7}. Since {X7, Y7} 
satisfies the hypothesis of Lemma 3.19 with k = 7, it suffices to show that for an 


integer k > 7, if {X;,Y,} is an ideal PTE solution modulo 2* congruent to {X7, Y7} 
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(mod 128) that satisfies (3.37), then the lift of {X;, Y,} obtained in the proof of 
Proposition 3.19 also satisfies (3.37) but with k replaced by k + 1. 


From (3.14) we note that for all k > 7 we have 


n 
A 


dys = deg + > (en—1-j (x4) thi — €n—1-j (¥#) Un) (mod 2”), 


i=1 


for 7 € {1,2,...,7} and m < 7. Substituting (3.41) into the above with m = 5 yields 


dy 4 = dia Ath7 Ath. g 16uz,5 + 16uz,6 = Auk,7 = Aur.s (mod 82); 


dj o = dr.2 ae 12th 1 + 12th.2 + At, 3 + Ath = 6tk,5 


— 6th,6 — 12t%,7 — 12th,g + 4uz,1 + 4uz2 + 12uz,3 


+ 12uz4 + 10ug5 — 14uz6 + 8ux7 (mod 32), 
dt, = dig — 8tx1 — Str2 + 16t,,3 + 16te4 — Ties — Tine + ter + tes 

— 8uz,1 — 8,2 + Tues + Tung — Ux,7 — Ueg (mod 32), 
i dea Bh Big ie ote = ies 

Ter totey Plena ct Ouyack dine Uns 

— 13ug,4 + 4ug5 — 12up6 + 8uz,7 — 8uz,g (mod 32), (3.42) 
dé, = dys + 15th + l5tho — tes — tha + 6tes 

+ 6ti6 — 6tk.7 — 6th,g + 9UK1 — TUs,2 + 9UK3 

— Tura + 10ug5 + 10uz,6 + 6ux,7 + 6uzg (mod 32), 
dig = deg + 9th + 9tk,2 — Stes — Stas — 14te,s 

— 14tp6 — 4th7 — 4tyg — 18ug1 + lluge — 15uz 3 


+ 9uz4 — 14u%5 — 6uz6 — 8uz,8 (mod 32), 


dj. 7 = hr + th + tke + tes + tea + tes + the + th,7 + ths 
— UK,1 — Uk,2 — Uk,3 — UkA — Uk,5 — Uke — Uk.7 — Urg (mod 32). 


Recall from (3.40) that we have 


tk = 0, tha = 0, tke = 0, tks = 0 Uk,2 = 0 Uk,A = 0 and Uk,6 = 0. 
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Substituting the above into (3.42) yields 


dy 4 — di. ar Ath, 7 + 16ux,5 aa 4ur,7 = A4ur.g (mod 32), 


dio = dpa + 12th + 4th3 — 6th,s 
— 12t,7 + 4ug1 + 12uz,3 + 10u,5 + 8ug,7 (mod 32), 
dt, = dy — 8ta1 + 16ts,3 — Tt 
+ th7 — 8te1 + Tur — Ur7 — Ueg (mod 32), 
dia = dpa — 13t,1 — 15th3 — 12ty,5 
+ 16th,7 + 9uK1 — 5x3 + 4un5 + 8ue,7 — 8u%,3 (mod 32), 


dis = dys + 15th — th,3 + 6tes 


— 6th7 + 9K + 9uK3 + LOUg5 + 6ux7 + 6ux%,8 (mod 32), 
dig = dhe + Iter — Stas — 14th,5 

— At,7 — 13ug,1 — 15uz,3 — 14uz5 — 8uz,g (mod 32), 
dir = de t+ teat tes + tes 


+ th7 ae Uk,1 ra Uk,3 = Uk,5 — Uk,7 2 Uk,8 (mod 32): 


From the above we deduce that 


dj. 9 dj. 3 dy 4 dis di. 6 dy7 = dia + deo + dg + dra 


dis + dye + dyz + 16th 


+ 16uxz.7 + 16u, (mod 32), 
dio a dia a di =dpo + dha + dye 


+ 8ty1 + 8uz,3 (mod 16), 


di3 + df 4 + dis a df 6 —— 3df7 = dr.3 + 2dk,4 ah dks an 2dk.6 a 3dk,7 


8tk1 8tk3 8Uk,5 


+ 8ux,7 + 8ug (mod 16), 


dia t+ dig = drat dre + 2tis + 25 (mod 4), 
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dis + dk = dns di.6 2tK.3 2tK,7 


2Uk.3 2Uk,7 2Uk.8 (mod 4). 


Substituting the assignment (3.40) into the above yields 


di dis di. 3 dis dis di 6 diez = 2di1 2dh.2 2dk.3 2dk,4 


2dk.5 2di.6 2dk,7 (mod 32), 


digg + dg + digg = 2 (dk2 + dra +d) (mod 16), 


diy 2dt -hdf, = 2d), Bap = laps Ad, a + Odes 
_ Adi.6 = 6di,.7 (mod 16), 


diat deg =2(dkatdke) (mod 4), 


dis + dig =2 (dis +di6) (mod 4). 


Since {X;, Y,} satisfies (3.37), we have 


di, t+dgot+dggt+dg,+df,;+dfg+df,=0 (mod 32), 


dio t+dg4+dgg=9 (mod 16), 


di3 of dy 4 + dis — df 6 — 3dp7 =0 (mod 16), 


dgat+dgg=0 (mod 4), 


and so by Lemma 3.8, we see that {X441, Y¥,41} satisfies (3.37) with k replaced by 
Kap ls 

So, we can construct a sequence ({X;,, Y,})?-, such that for each k > 7, the pair 
{Xx, Ye} is a lift of {X,_1, Y,-1} that is an ideal PTE solution modulo 2*, by lifting 
{X7, Y7} successively with the assignments (3.40). By Corollary 3.6 it follows that 
V2 (w;,(0)) = 6 for all & > 7. To see that there are infinitely many such sequences, 


observe that in (3.40) we allow for uz.g to be either 0 or 1. Thus, we can construct a 
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sequence ({X;, Y;})~_, corresponding to any sequence of 0’s and 1’s for the values of 


Uk,8- 


3.3. 2-ADIC INTEGER SOLUTIONS 


We now prove Theorem 1.5. 


Theorem 1.5. For 3 <n < 8 there exist lists of 2-adic integers X = |x1,%o,...Xp| 
and Y = [y1,Y2,---Yn|, such that at least one x; or y; ts not in Q, that satisfy 


II @-2)) -I1@-%) =C, 


j=l 


for some 2-adic integer C, with v2 (Cp) = kn, where 


2 Ii n.= B54. 

A) oy Wass 
kn = 

> nS 6, 

O thie 18) 


Proof. Fix n and let {Xz,,41, Ye,41} be the corresponding pair from the list below. 


{[1, 4, 0], [5, 6, 2]}, 
{[1, 1,0, 0],[7, 3, 6, 2]}, 
{[1, 4, 8, 16, 0],[17, 14, 10, 18, 2]}, 
{[3, 1, 1, 2, 8, 0],[59, 29, 45, 42, 12, 20]}, 


{[3, 5, 1, 10, 2, 0, 0],[115, 29, 121, 38, 38, 28, 36]}, 


{[83, 19, 33, 1, 42, 10, 64, 0],[15, 7, 13, 101, 14, 22, 28, 52]}. 


In the previous section we established that, from each of the above ideal PTE solutions 
modulo 2*»*!, we can construct a sequence ({X%, Ye })-2,, 4, Such that for each k > 
k, +1, the pair {X;, Y,} is a lift of {X,_1, Y,_1} that is an ideal PTE solution modulo 


his 


59 


For 1 <j<nandk>k,+1, we let z,,; and yx; denote the j‘ entry of X;, and 
Y;, respectively, and let t,,; and uz; denote the corresponding ¢t; and u; when lifting 


from {X,, Y¥,} to {Xnsi, Yeui}. ForO <k < ky +1, let ty, un; € {0,1} be such that 


kn r kn : 
tec Sage” end: Ut p= ee 
k=0 k=0 


For 1 <7 <n, define the formal power series 


t= Sy aeee and yj; = Sun j2". 
k=0 k=0 


For 3 <n < 8, the sequence ({Xx, Yi })-2;, 41 can be constructed by successively 
using the assignments given in (3.18), (3.21), (3.25), (3.29), (3.34) and (3.40), respec- 
tively. In each of these assignments we have ug»—-1 = Ukn, and we have a free choice 
of whether we want them both to equal 0 or both to equal 1. If we choose uz, to 
be equal to 1 infinitely often with no repeating pattern then we ensure that y,, and 
Yn—1, are 2-adic integers that are not rational integers (or rational numbers). 

Recall that the field of 2-adic numbers, Q2, is a metric space with respect to the 
metric d (p,q) = 27", for p,q € Qs. From (3.8) we see that wy4m (0) — wz (0) = 0 


(mod 2*) for each k > k, +1 and m > 1. Thus, the sequence (w, (0)) , is Cauchy 


[o-e) 


in Qs, and so, since Q» is complete, (wz (0))?=;, . is convergent in Qs. Define 
Cy, = lim w, (0) € Qv. 
k- oo 
Then the xz; and y; are 2-adic integers satisfying 
I] @-«,) - [[ @-y,) =Ga. 
j=l j=l 
By construction, our choice of {Xq,,41, Yk,+1} gives 


Win-+an (0) = Went (0) = 24 (mod 2"), 


which implies 12 (C,,) = k,. This completes the proof. 
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CHAPTER 4 
IRREDUCIBILITY CRITERIA FOR NON-NEGATIVE 
INTEGER COEFFICIENT POLYNOMIALS 


Recall Theorem 1.6. 


Theorem 1.6. Let b € Z with b > 2. Let f(x) be a polynomial with non-negative 
integer coefficients and f(b) prime. For n € Zt, let ®,(x) be the n" cyclotomic 


polynomial and ¢, = e2"/". Define 


k=0 


Bo = MSs (Dan poke Gere eT *)®,(1—6), (4.1 
(P= amo [Yo (Sept) OF Re Ge) (—In (G))"} &p (18), (4.1) 
with D, = |n/arg(b+¢,)]|, and let 


M,(b) = min BY), My (b) = max BY”, M;(b) = Bo 


ne{3,4} ne {3,4} 
and 
(b — 1.5221)" (b—2.5221) (b? —1) 7 
(0) 1 + cot (1/82) ee ell 0.8444 
b? arctan 
(b — 0.2) 
Then 


e Ifb>2 and each coefficient of f(x) is less than M,(b), then f(x) is irreducible. 


e Ifb > 2 and each coefficient of f(x) is less than Mo(b) and f(x) is reducible, 
then it is divisible by ®3 (a —b) ifb <5 and divisible by ®4 (x — b) ifb> 5. 


e Ifb > 69 and each coefficient of f(x) is less than M3(b) and f(x) is reducible, 


then it is divisible by at least one of ®3 (a — b) or By (ax — b). 
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e Ifb > 69 and each coefficient of f(x) is less than M,(b) and f(x) is reducible, 
then it is divisible by ®3 (x — b), ®4 (a — b) or Be (x — d). 


The focus of this chapter is to give the details on how to find the bounds M;(b), 
M2(b) and M3(b). The bound M,(b) is found in J. Juillerat’s dissertation [26]. To 
start, in Section 4.1 we explain why the polynomials ®,,(b) for n € {3,4,6} play such 
an important role, which in turn gives the motivation for finding the bounds M,(6), 


M>(b) and M3(b). 


4.1 A Root BOUNDING FUNCTION 


The following lemma can be found in [16, Lemma 1]. 


Lemma 4.1. Fiz an integer b > 2. Let f(x) be a polynomial with non-negative integer 
coefficients such that f(b) is prime. If f(a) is reducible, then f(x) has a non-real root 
in the disc D, = {z € C: |b—2| < 1}. 


A motivating idea for this section is to replace the disc D, in Lemma 4.1 with a 


® is in this region, then |@| is bounded above by a 


different region such that if a = re’ 
small number. 

For a given integer b > 6, to establish the bounds M,(b), M2(b) and M3(b) in 
Theorem 1.6 we utilise three main methods. First, we introduce certain rational 
functions that will give us information about the location of possible roots of f(x) 
assuming f(x) is reducible. While better rational functions can be chosen, as in [10], 
we will make choices to simplify the results in later sections. Second, we will obtain 
four upper bounds for the coefficients of f(a) such that if a bound is satisfied, then 
f(x) cannot have a root at a certain location. Third, we will determine the minimum 
M(b) of these four bounds; hence, if the coefficients of f(a) are bounded above by 
M(b), then f(a) cannot have roots at the locations required for f(x) to be reducible. 


In the remainder of this section, we focus on the first of these ideas. 
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Recall that ©,,(a) denotes the nth cyclotomic polynomial, and let ¢, = e?"/”. 
As usual, for z € C, the notation Z will refer to the complex conjugate of z. Thus, 
G, =e ?7/". Fix an integer b > 2, and let f(a) be a non-constant polynomial with 
non-negative integer coefficients such that f(b) is prime. Suppose f(x) = g(x)h(x), 
where g(x) and h(x) are in Z[z], g(a) and h(x) have positive leading coefficients, and 
g(x) and h(a) are not identically +1. Since f(b) is prime, we may take, without loss 
of generality, g(b) = +1 and h(b) = +f(b). Using the ideas of [17], we want to show 


that either g(a) has a root in common with one of 
3(7 = b).= 2" — (26-—Det+h —b+1, 


@,(2 — 6) = 2? — 2b + +1, 


(7 —b).= a? — (264+ le +6? +6+1, 


or g(x) has a root in a certain region R, to be defined shortly. 


We define 


where 


Ny(z) = |6-1— 2] (lb+ C3 — z||b + G3 — 2) 


+ (|b-+ i = 2l|b — i 2))°*([b + Ge — alld + G — 21), 


Dy(z) = |b — z|*estestes)+2leat d+) 


and e€9, e3, e4, eg, and d are all non-negative integers that could depend on b. Although 
we want some flexibility on the choices for e€2, €3, e4, eg, and d for a given b, for clarity, 
we indicate in Table 4.1 the choices for these variables we use to establish Theorem 1.6. 
Note that the values for b < 20 are the same as the values chosen in [10]. The values 
we chose for b > 21 are not sufficient to obtain results that include b < 20. Thus, we 
will refer to [10] to make a statement about all b > 2. Our choices for b > 21 were 


based on trial and error to give us our desired results. 
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Table 4.1. Numbers used in F;(z) for b 


& 2 22S 62 bs 20-6 
e.(b) 20 0 0 0 0 0 
e;(b) 4 15 9 6 4 1 
ey 0-2 2 2 2 1 
eg(b) 0 0 3 3 3 1 
db) 0 3 3 3 3 1 


Setting z = x+y, direct computations show that the following expressions in NV, 


and D, simplify as shown: 
Jb-1—zP =y'? + (e@— 5b)? + 2a —b) +1, 
(lb+ ¢3 — 2||b + G3 — 2|)? = y* + (2(a — b)? + 2(a — b) — 1)y? 
+ ((v—b)? + (eb) +1), 


([b+4 — 2|[b— 4 2)) = y! + (lw — b)? = Dy + (w+ 1), 


(Jb + G5 — z||b + Co — 2)? = y* + (2(a — 8)* — 2(a — b) — Ly? 


+ ((e — b)? — (a — 6) +1)’, 
and 
lb — z/? = y? + (x — 6)”. 


Notice that each one of these expressions is in Z[b, x, y?]. Thus, \,(z) and D,(z) are 
in Z|b, x, y*], making F(z) a rational function in b, x and y”. Moreover, we observe 


that for each integer b > 3, the polynomial 
Pr(x,y) = D(a + ty) — No(a + ty) 
can be written as 


P,(z, y) = S> a;(b, xy" 
j=0 
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where r = 2(e3 + €4 + €g) +€2 +d+ 1 and each a;(b, x) is in Z[b, x]. We write the 


factor g(x) of f(x) in the form 
g(x) = c]](@ - 4;), 
j=l 
where c is the leading coefficient of g(x) and (1,...,8, are the roots of g(x) and, 


therefore, roots of f(x). One can check that 


|g(b — 1)|?2|g(b + €3)g(b + C3) |? |g (b + a) g(b — 4)/?4|g(b + Ce) g(b + Ce) |? 
|g(b) [Aes testes) +2(e2+d+1) 


and 


1 m 
c2(d+1) II Fy(85) 
j=l 


are equal. We denote this common value by V = V,(g). 

Since each of g(b+¢3)9(b+¢3), g(b+i)g(b—7) and g(b+C5)g(b+C¢) is a symmetric 
polynomial in the roots of an irreducible monic quadratic in Z|x], we conclude that 
each of these expressions are themselves integers. Also, g(b— 1) is an integer and, by 
assumption, g(b) = +1. Thus, by looking at the first expression for V, either V = 0 
or V EZ. 

We can say more about when V = 0. Since f(x) has non-negative integer coef- 
ficients, it cannot have a positive real root, and neither can its factor g(x). There- 
fore, g(b — 1) # 0. Either expression for V now implies that V = 0 if and only if 
g(b+C3)g(b+¢3), g(b+2)g(b—1), or g(b+6)g(b+) is zero, which happens precisely 
when g(x) is divisible by at least one of ®3(x — b), ®4(x — b) and g(x — b). If one of 
these is not a factor of g(a), we have V € Z*. Observe that F,(z) is a non-negative 
real number for all z € C with z 4 b. By looking at the product in the second 
expression for V, we see that if V # 0, then F,(G;) > 1 for at least one value of 
j €{1,...,m}. Said differently, if V 4 0, then there is a root (3; of g(x), and thus of 
f(x), that lies in 


Ry=12 6 C: Fe) S 1 
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b+ 
hats LA pag 


Figure 4.1 The region 2, for b > 21, along with the location of b+ ¢, for 
n € {3,4, 6}. 


We have, then, four locations where roots of g(x) may lie. Our next step is to 
find four bounds, BO), Bo, Bo and By, such that if g(x) shares a root in common 
with ®,, (a — b), for n € {3, 4,6}, or the region Ry, then it has a coefficient at least as 
large as B”, for n € {3,4,6}, or By, respectively. Comparing these four bounds will 
allow us to find the four bounds as stated in Theorem 1.6. In the next two sections 
we present the details of finding the bounds B” for n € {3,4,6}. J. Juillerat gives 


the details for finding the bound By, in their dissertation [26], which is 


(b — 1.5221)" (b — 2.5221) 
1+ cot (a/b?) 


Me eso aes - (4.2) 


b? arctan Races 
(b — 0.2) 


B, = 


4.2. BOUNDS BASED ON RECURRENCE RELATIONS 


In this section we will establish results that will help us find bounds B” tory € 
{3,4,6} such that if f(a) is divisible by ®,(a— 6), then f(x) must have a coefficient 
> BI”. We take b > 5. 

Much of this section is based on the work done in [10] and [17]. We give enough 


background from these to describe our work for general b. 
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Fix positive integers A and B and integers b; such that 


f(x) = h(x)g(x) = (box® + biz) +--+ +b,_12 + b,)(a? — Ax + B) (4.3) 


is a polynomial of degree n = s+2 with non-negative integer coefficients. We restrict 


ourselves to the case where 
zg’ —Ar+B=,(x—b), with ne {3, 4,6} 
so that 
(A,B) €4{(2b—1, 0 —b + 1), (26,0? + 1), (2b +1, 0° + b+ 1)}. 


Recalling 6 > 5, for these values of (A, B), the following inequalities can be directly 


verified and will be used later: 


VRBO S40 
A = 3B 0 
1—-A+B>1 
1-A<0 
9B =A SO (4.4) 
BEA eRe Oo 
AR = AP SU 


A?—-AB-B*? <-1 (ifb> 7). 
3-3A+2B>0 


Define b; = 0 for all 7 < 0 and all j > s. Since the coefficients of f(x) are all 


non-negative, we deduce that bo > 1 and b; > Ab;_; — Bb;—2 for all 7 € Z. Define 


0 if j <0, 
By=41 if 7 = 0, (4.5) 
AB;_1 — BB;-2 ig. dy 


so that the 3; satisfy a recurrence relation for 7 > —1. In particular, 3; = A and 


By = A? —B. Also, with our restriction on our choice of x? — Ax + B above, we have 
By € {2b — 1, 2b, 2b + 1}, 
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so the sequence (9, 31,... is initially increasing. We obtain a closed form for the solu- 
tion to this recurrence relation. The recurrence relation has characteristic polynomial 
x? — Ax + B, which has roots 6+ ¢, and b+ ¢, for some n € {3, 4,6}. So 6; has the 


closed form 


By =cr(b+ Gry +ealb+ Gy, 


for some constants c; and cy depending on A and B. Taking 7 = 0, we obtain 
cg = 1—c; and taking 7 = —1, we see that c; = (b+ ¢,) / (e - Ga Substituting 


these values for c; and cy and reducing, we deduce 


=e [0+ Gy - 04] 


_ [b+ Cyl@tretG + are O+en) — |b + G |+tetG+D are (ben) 


Gn _ Ga 


8; 


= |b Tv Glee 


a sin n/n) (G + 1) arg(b+ ¢,)). 


We note that B is the constant term of the minimal polynomial for b+ ¢,, so 
B=|b+¢4,)’. (4.7) 
For ease of notation, we set 
6= 06, =arg(b+¢,) € (0,7/2) and D=D,=|7/0,| (4.8) 


where @ and D depend on both b and n. We now take a moment to obtain some 


useful inequalities involving @ and D that will be used later. 
Lemma 4.2. Let b € Z with b > 3, and let n € {3,4,6}. Then 1/0, ¢ Z. 


Proof. Letting r = arg(b+ ¢,)/7, it suffices to show r ¢ Q. Observe that for n € 
{3,4,6} we have 


baa} 


arg(b + Gn) =arctan(x) where x € ta —1°b’ 241 
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In each case, we have sin?(arctan(x)) = x?/(x? + 1) € Q, and hence 
cos(2mr) = 1 — 2sin?(xr) = 1 — 2sin*(arg(b + ¢,)) € Q. 


By Corollary 3.12 in [33], we deduce that if r € Q and cos(2mr) € Q, then cos(2zr) 
is an element of {0,+1/2,+1}. One checks that 0 < arg(3 + ¢,) < 7/6 for each 
n € {3,4,6}. Since, for fixed n € {3,4,6}, the value of mr = arg(b+ G,) decreases to 


0 as b increases, we see that 1/2 < 1—2sin?(mr) < 1. Thus, cos(2mr) ¢ {0, +1/2, +1}, 


and the lemma follows. 


From Lemma 4.2, we obtain 


1 vi 7 
D.= _ for b > 4, 6}. 4. 
Ba me 5 anne) or b>3 and n€ {3, 4,6} (4.9) 


For n € {1,2} and for n > 4, the inequality 
arg (b+ ¢,) < arg (b+ G4) (4.10) 


is easily verified for all b > 4. For n = 3, we show that (4.10) also holds for b > 4. 


Observe that 


V3 


1 
#4) and arg (b+ ¢4) = arctan (;) 


arg (b+ ¢3) = arctan ( 


We deduce that, for n = 3 and b > 4, it suffices to show 


V8 
2b—1~ b 


The latter inequality holds for b > 3.74. Thus, (4.10) holds for all b > 4 and n > 1. 


From (4.10), for b > 4 and all n € N, we deduce that 


arg (b+ Cn) < arg (b+ G1) = a a Gy) < in/ mG TSI = oe (4.11) 
where the strict inequality follows from (4.9). 
From (4.6) and (4.7), we obtain 
j+l 
i ean) sin((j + 1)8). (4.12) 
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By taking 7 = 0 in (4.6), with (4.5), we see that 


: __ sin(27/n) 
sin(@) = ae 


From (4.12), we deduce 8; > 0 provided sin((j +1)@) > 0. Thus, 6; > 0 if 0 < 


(4.13) 


(j + 1)@ < x or, equivalently, if 0 < 7 < D—1. On the other hand, we have 
nm <(|7/0| +1)0 < 20 


so that (4.12) implies Bp < 0. 
We claim that 63-1 < 6; for 1 < 7 < D—2. Given (4.12), we can view f; as a 


differentiable function of j. Differentiating 6; with respect to j, we obtain 


dp; VB FL. | 
ag OT [sin ((j + 1)0) log VB + 0cos ((j + 1)0)] . 


Setting this last expression equal to 0 to find critical values, we have 
log VB sin ((j + 1)0) + @cos ((j + 1)9) = 0, 


which implies 
0 20 


tan((j + 1)@) = Eve > ee 


Solving for 7 + 1, we find the solutions 


_ mm —arctan(26/ log B) 
7 6 


j+i 


where m € Z. The smallest positive solution for 7 + 1 occurs when m = 1. Since 
b > 5, we have log B > log21 > 3. Also, arctan(x) < x for all x > 0. Thus, the 


smallest positive solution for 7 + 1 is 


nm  arctan(20/logB) _ a arctan(@) _ 7 1 
= 2 elle ey eat 
j j ~ 9 ee aia 


Thus, the least positive critical point occurs for some 7 > D — 2. Since the sequence 


Bo, 01,-.. is initially increasing, we see that the derivative is positive for 7 < D — 2. 
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We show next that 


Bp-1 # Bp-2. 


Assume otherwise. Then (4.12) gives 
VB sin(D6@) = sin((D — 1)) = sin(D@) cos(@) — cos(D8@) sin(@). 
From (4.9), we have D@ < a. Also, 
(D+1)@=(|7/0+1))@>a and 0<60<7/2, 


sO 


DO>n-O0> 7/2. 


Thus, we obtain sin(D@) > sin(z — 0) = sin(@). Hence, 


0 = sin(D0)(VB — cos(0)) + cos(D@) sin(@) 
> sin(0)(VB — 1) — sin(@) 
= sin(6)(VB — 2) > 0, 


where the last inequality holds by (4.4). Thus, we have a contradiction, so 
Bp-1 # Bp-2. 
Summarizing, we now know 
Bp <0< fp <8 <---< Bp_2F Bp-1. (4.14) 
Define J to be the smallest positive integer such that 
Biri < By and Bye Pg: 
Observe that (4.14) implies that J is well-defined and 


J=D-2 or J=D-1. (4.15) 
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As a consequence, recalling (4.9) again, we have 
0<(J+1)0<7. (4.16) 


Since 0 = arg(b+ ¢,) Recalling b > 5, (4.11) and (4.8), and using arctan < x for 


x > 0, we also obtain 


7 7 7 
J>D-2>—-3> — — -3= — — - — ; 4.1 
= ati ~ arg (b+ ¢4) arctan(1/b) Berne as “NEAT 


In (14) of [17], the definition of J was used to establish 
b; > Bjbo for all integers 7 < J+ 1. (4.18) 


The identical argument works to establish (4.18) here, and we will take advantage of 
this inequality as well. 


We now note some further useful observations from [17]. Let 
Cat A, B= max {b;} and DL= L(A, B) = min eae (4.19) 


Since b; = 0 for 7 > s, we have the trivial bound L < 0. From equation (4.18), we 
obtain U > Gybo. 

We are interested in A and B with f(z) divisible by ®,(2 — b) = x? — Ax + B, 
where n € {3,4,6}. We view A and B as fixed. We want f(x) to have non-negative 
integer coefficients but with the largest coefficient as small as possible. Theorem 3.8 


in [40] implies such f(a) exist (also, see Lemma 3 in [16]). Let 


M = M(A,B) denote the maximum coefficient for such an f(x). (4.20) 
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Let @ € Zt. We consider the matrix equation 


1 1 1 1 Ms al Lo ib 
-A B 0 0 0 0 fly 0 
1 -A B. 0 0 0 jlo 0 
=|: (4.21) 
0 OF OS sabe OBB OO O°] Ih pipes 0 
0 0 O ... -—A BO [e-2 0 
0 0 OO... 1 -A BY} \ pe 0 
in the unknowns [u9, 41,..., 42-1. Let €= J +1. We make some observations about 


the solutions to (4.21), as well as produce a closed form for such a solution. 


Lemma 4.3. Let b be an integer > 5. Let A and B be such that x? — Ax + B is 
®,,(a—b) where n € {3,4,6}. The above matrix equation has a solution where 1; > 0 


for all. <7 < J; 


Proof. Let M be the matrix in (4.21) with € = J+1. The equation in (4.21) 
arising from the second row of M is equivalent to the condition pu, = Ajio/B. The 
next ¢— 2 = J — 1 rows of M correspond to a recurrence relation for io, 1,.-., Ws 


beginning with fp and jz; and satisfying 


= “Hin _ He for2<j<J. 


Hj B 

We will have a solution in py; to (4.21) provided then that we can find juo > 0 for 

which py = Ayo/B and the above recurrence gives Vig<j<j lj = 1. Observe that with 

fio defined arbitrarily, this solution gives each yz; as a multiple of jo. With this in 
mind, we define y* = y;/p0. 

As before, we find the characteristic polynomial for this recurrence relation to find 

the general term. This recurrence has characteristic polynomial x? — Ar/B + 1/B, 


which is the reciprocal polynomial of x? — Ax + B divided by B; hence, the roots of 
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the characteristic polynomial are 1/(b+ ¢,) and 1/(b+¢,). So 


. ix 7 i. 2 
My = C1 (=z) raa( =| (4.22) 


for 7 > 0, where c; and cz are constants to be determined. Taking 7 = 0 in (4.22), 


we see that since “4 = 1 we obtain cp = 1 — cy. Next, we take 7 = 1 and use both 


Cn — Gn = —2isin (27 /n) and (4.7). Since ui = A/B, we obtain 


Be A- +) 
—— —2isin(27/n) 


and 


pee ee Ci Gn - -- AORG), .A=O4G) 
= ‘ —2isin(Qnr/n)  —2isin(Qx/n) Qi sin(Qr/n)’ 


Thus, for 0 < 7 < J, we have 


a. tte | 1 ) + 4c 06) ( 1 ) 


Mi “9isin(Qn/n) \b4+G,) | 2isinQr/n) \b+G 
7 1 B-A(b+Cn) , Ab+Gn)-B 
~ 2Bsin(2r/n) | i(b+¢G,)9-! ° i(b+¢,)F-1 


Recall (4.8). As in (4.6), for any t € Z, we deduce 
(b+ Gn)’ — (6+ G,)' = —24|b + G,|' sin (16). 


Taking t= 7 andt=j —1 with 0 <j < J, we obtain 


_ 1 2Ai|b + ¢,|2 sin (79) — 2Bilb + ¢,|7-? sin ((7 — 1)8) 
M5 ~ OBsin (27/n) i|b + ¢,|?0-) 
7 1 Alb + ¢, |? sin(j@) — Blb + ¢,|?~" sin((j — 1)6) 
~ Bsin (27/n) Bi-} 


Using (4.5) and (4.6), we get 


& AB =i — BG _ B; 
f= Bi Bi 


(4.23) 


forl <j < J. As p56 =1= 6o/B°, we see that u* = 6;/B? for all j € [0, JJNZ. The 


definition of J implies yj is positive for 0 < 7 < J. 


70 


Recall that we want {o<j<j Hj = 1, which is equivalent to Vo<j<7 Mj = 1/po. Set 


J . 
K =u = oF, (4.24) 


As K > 0, we can take jig = 1/K to deduce that the lemma holds. 


From the proof of Lemma 4.3, we have a closed form for 4; > 0 satisfying (4.21). 
Because we will be using this closed form, we would like a nicer way to write kK. To 


do so, observe that, for m a positive integer, we have 


mi m ede _ ed8 
Sor’ sin(j@) = 2 
j= j=l 21 
1S 10 —i0 
=— Sore) =e 
2t Fay 
1 m—1 ; mal 
= — |re’® (re’®)) — re~#® S- (re~**)3 
21 j=0 j=0 
oh ap eee ose ee (4.25) 
2i 1—re® 1—re-® 


re9(1 — r™e™®) (1 — re—) — re (1 — re) (1 — re?) 
21 — re? 


id —i0 pimt+le(m+1)i0 Ss pmtle—(m+1)i8 a pMt2emid _ ~»mM+2——mid 


reo = Le. 
2i|1 — re’? 


rsin(@) — r™*! sin((m + 1)6) + r™*? sin(mé) 
|1 — re*|? 


From (4.12) and (4.24), we see that 


eg 1 A VB sin((j +:1)8) 
as Bi = ~ sin(27/n) lee WB” 


j=0 


“al (a) so 


~ as a) 


Using (4.25) with r = 1//B and m = J +1, we get 


___B__ VB‘ sin(9) — VB" sin((J +.2)0) + VB sin((J + 1)8) 
sin(27/n) ie VB e'9|2 


___B__ VB" sin(9) — VB’ sin((J + 2)0) + VB’ sin((J + 18) 
sin(27/n) JB" B-2|B — /Be|? 


Using (4.13) and rearranging, we obtain 


a 1 ii VB’ sin((J +2)0) , VB’ sin((J + 1)8) 
BJ-1|B — /Be®|? sin(27/n) | sin(27/n) 


By (4.7) and (4.8), we see /Be = |b+ ¢,|et#7@t%) = 64 ¢, for each n € {3, 4, 6}. 
Thus, from (4.12) with 7 = J+ 1 and j = J, we acquire 


= Bit! — By, 4 By 
Baba G = BF 


(4.26) 


Recalling from the proof of Lemma 4.3 that w7 = f4j/Mo, “o = 1/K and (4.23), 


we see that 


Bik’ 


Lj (4.27) 


In the next section, we will use the value of K in (4.26) and @; in the formulation 
of yu; in (4.27) to obtain bounds for L = L(A, B) and M = M(A, B), which were 
defined in (4.19) and (4.20). 


4.3. ESTABLISHING BOUNDS 


Recall the setup thus far. Let f(a) = g(x)h(x) be a polynomial in Z[z] with non- 
negative coefficients where g(x) = 2?— Ax+B is ©3(x—b), @4(x—b), or ®g(a—b), and 
h(a) has positive leading coefficient denoted bg as in (4.3). Recall that (A, B) is the 
smallest value that the largest coefficient of f(x) can be under these conditions. It is 
worth noting that we do not require f(b) to be prime in the definition of M(A, B). 
We proceed towards proving Theorem 1.6. Using the previous sections, we will 


find three bounds, B®, BO, and BO such that if f(a) has coefficients less than 


(2 


or equal to Bp” with f(b) prime, then f(x) cannot be divisible by ®,(a — 6) for 
n € {3,4,6}. Note the difference between Bo and M(A, B); M(A, B) does not 


require f(b) to be prime while Be does. We begin by showing both of the following: 
(i) The value of M(A, B) is (1— A+ B)- 8; for each n € {3, 4, 6}. 
(ii) If the maximal coefficient of f(x) equals M(A, B), then f(b) is composite. 


Assuming (i) and (ii), we explain now that we can take BI” = M(A, B). If f(x) has 
each coefficient less than (A, B), then f(a) cannot be divisible by ®,,(a—) by the 
minimality of M(A, B). Note that this conclusion does not require f(b) to be prime. 
If we further require f(b) to be prime, then by (ii), we would also have that the largest 
coefficient of f(x) cannot equal M/(A, B). Hence, we can take BI” = M(A, B). 

Notice the dependence on n; A and B are the integers such that 2? — Ar + B is 
®,,(2 — b), so A and B depend on n. Also, 37 depends on D and 6, both defined in 
(4.8), so By depends on n. 

We start by establishing (i). We follow the method used in [10]. Suppose first 


that 
M(A, B) < (1-A+B)- 6). (4.28) 


We eventually want a contradiction if strict inequality holds; however, there will be 
a significance in seeing what this inequality gives us. Since (A, B) is a coefficient 
of f(x), it must be positive. Also, by definition, 3; > 0; thus, in order for (4.28) to 
make sense, we must have 1 — A+ B > 0, which follows from (4.4). 


We start by setting 
u=poB, v=pe2—pe iA and w= pet, (4.29) 
where jp; is as in (4.27) and where = J+ 1. Then [17] establishes that 


wz [Ha Cser p> Maer! y (4.30) 
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and 
0< —L < ———_._ - W. (4.31) 


From (4.28) and (4.30), we have 


uM (A, B) e u(l—A+B)- By 


=p Aww): ee) 


boBy < U(A, B) < 


We make an observation about this inequality with @= J +1. 


Lemma 4.4. With the prior notation, 


u? — (v+w)? 


< Py +1. 


Proof. Simplifying the left-hand side of the inequality above, we obtain 


ul-—A+B)- By oB(1—- A+ B) By 


w—(v+w)? —— weB? — (43-1 — w3(A - 1)? 
_ 7B(l —A+B)p,; 


= : 
BY (754 - fS(A-1))? 


_ KB+H(1— A+ B)By 
— Bl+2 (BB7-1 — ABs + 83)? 


_ KBYA(1— A+ B)B; 
Bt — (Br = Byer)? 


From the definition of K in (4.26), we obtain 


u(l1—A+B)-6;  BYt1—A+ B)6j(BY* — By41 + Ba) 


@—Wrue BB +G — BRB By — Bra) 


Since n € {3,4, 6}, the field Q(¢,) is of degree 2 over Q and |b+¢,, — B|? is the norm 
of b+ ¢, — B in the field Q(¢,,) over Q. The norm of b+ ¢, — B is the constant term 
of its minimal polynomial over Q, which is (x + B)? — A(z + B)+ B. Thus, we see 
that 

ljo+¢, -B\? = B(L— A+B). 
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Therefore, 


ul—-A+B)- Br _ BY? (1— A+ B)B;(Blt — By41 + Bs) 
u? — (v+w)? B= Aa BCR Pr Gaia) Biss pa pia) 
_ BIB, 
BIS Br pia 
Bl+1B, 
— BI — By 4+ ABy — BBy-1 
Bit 
= Buti Bro" 
By haa lee BS 


To prove the lemma, we need to show 


Bit 


BJ+1 By-1 


sO al © 


which is the same as showing 


Bit = 
pile pits = + (4-1-8 ) (By +1). 
By By 
Moving all terms to one side, this is equivalent to 
a) Bit 
1-—A+B By +1)- Pane 
( By Ward) By 
For ease of notation, let 
A=1-A+B44 <1-A4+B (4.33) 
i 


where the inequality follows from the definition of J which implies 6; > @j7_,. From 


(4.12), it suffices to show 


<0. 


, — sin((J + 1)6) : 7 _ Birt sin(27/n) 
sin(27 /n) wees sin((J + 1)@) 


From (4.16), we have sin((J + 1)@) > 0. Multiplying by sin(27/n) sin((J + 1)@) in 


the previous inequality, we see that we want 
J+l . 9 : 3 J+l . 95 
A (vB sin*((J + 1)@) + sin((J + 1)6) sin(2n/n)) —VB™ sin?(2n/n) <0. 
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Rearranging, we want to show 
VB’ [Asin?((J + 1)8) —sin?(2x/n)] + Asin(2x/n) sin((J +1)6) <0. 
From (4.33), we see that it suffices to show that 


VB (1 — A+ B)sin2((J + 1)8) — sin?(2m/n)| 
(4.34) 
+ Asin(27/n) sin((J + 1)@) < 0. 
We now break the proof into two cases, J = D—1 and J = D—2. Because 
sin((D — 1)@) is close to sin(7) = 0, we will do some simple approximations to prove 
(4.34) when J = D—1. When J = D — 2, the value of sin((D — 2)@) is not close 


enough to 0 to do the same approximations, so a different technique is employed. 


Recall (4.8) which implies for b > 5 that 
0 < @=arctan(b+¢,) < arctan(5 + ¢4) = arctan(1/5) < a/4. 
Hence, when J = D — 1, we have 
nt > DO> (n/O0-1)0=n7-O> 7/2, (4.35) 


so sin(D@) < sin(a — 0) = sin(@) = sin(27/n)/VB by (4.13). With J = D—1 and 
(4.33), and since 1—- A+ B>0 by (4.4), the left-hand side of (4.34) is 
D - 2 - 2 2 2 
VB [(1 — A+ B)sin?(D0) — sin?(2a/n)] + Asin(D8) sin(27/n) 


sin? (27 /n) 
B 


sin? (27 /n) 
a 


Thus, it suffices to show the right side above is < 0 to establish (4.34). After dividing 


<VB- t —A+B) — sin?(2n/) +(1-—A+B) 


out by sin?(27/n), we want to establish the equivalent inequality 


a 1 | eae ee gee | 1-A+B 


< 0. 
B VB B VB 


Multiplying both sides of the inequality by BV’B, we now want to show 
JB = AABASALB) SO, 
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or equivalently 
nee (vBr™ if B) +B? <0. 


By (4.4), we see that 1 — A < 0 for b > 3. One can check directly that D > 3 for 
each n € {3,4,6} where D is defined in (4.8). Thus the above inequality holds for 
b > 3, so (4.34) has been established for J = D — 1. 

We now move towards proving (4.34) for J = D — 2. Recall (4.13) and note that 
sin (27/n) = Im (b+ ¢,) = V4B — A2/2, so 


_ V4B— A? _ sin(27/n) _s A 

sin (0) = o/B JB” cos (8) = 5B’ and ne 
ante V4B— A? — 2sin(27/n) 
an (0) = a = 7A 


By the definition of J, we have 8; > 6741, which for J = D—2 is Bp_2 > Bp-_1. 


Using (4.12), we obtain 
sin((D — 1)@) > VBsin(D6). (4.37) 
Define 7 by 
DOI=n-7. 
Then, by the definition of D and Lemma 4.2, we have 0 < 7 < @. 
From (4.37) and (4.36), we obtain now that 


ie sin((D—1)@) _ sin(a—-—@) 


sin(D6@) sin(7 — 7) 


_ sin(7 +6) _ sin(7) cos(@) + cos(7) sin() 


sin(7) sin(7) 


cos(@) + sin(@) cot(7). 


After manipulating this, we see that 


7 < arctan (ape = arctan (Sa) ae 
VB — cos (6) 2B—A 


ws 


From the definition of 7 we obtain the values 


V4B — A? 2B—A 


i) => pasasby 2 ]BaoAyB) (4.38) 
JiB— @ 
and tan(T)= jp 4 


which are well-defined by (4.4). 
Lastly, by comparing sin(@) and sin(7) in (4.36) and (4.38) and noting 1-A+B > 1 
by (4.4), we see that 7 < 6. Using the inequality arctanx < x for x € (0,2/2), we 


observe that for b > 2 and n € {3,4,6} we have 
nt+0<T+O<20< 5, (4.39) 


To prove (4.34), we first show that A > 0. Using (4.12), we have 


A=1-A+ B23 
Bp-2 
= sin(D6@ — 20) 
nee sin( D6 — @) a) 
fest ene) 
sin(n + 0) 


Recall that 7 <7 and by (4.39) we have both 7 + 6 and 7 + @ are in (0,7/2), so 


sin (7 + 26) 


Gueeey = cos (0) + sin (A) cot (7 + 6) > cos (0) + sin (0) cot(7 +0). (4.41) 


Using (4.36) and (4.38) we see that 


1 — tan (7) tan (0) 
tan (7) + tan (9) 
A JipB—@ 1-4eeve 


cos (0) + sin (@) cot (7 + 6) = cos (@) + sin (0) 


2/Bo 6 2VB 0 (NABEAD +, WaBeR? 

_ A, V4B— A? A(2B—A)-(4B—A?), (4.42) 
2/B 2/B 2B/4B — A? 

_ A A-2 

— OVB' 2B 

_A-1 

See. 
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Combining (4.40), (4.41), and (4.42), we deduce that 
A>0 for J=D-—-2. (4.43) 
Note sin(27/n) sin((J + 1)@) < 1, so to show (4.34) it suffices to show 
VB (1 — A+ B)sin2((D — 1)6) — sin®(21/n)| + A < 0. (4.44) 
From (4.40), we see that (4.44) is equivalent to 


JB [(1— A+ B) sin2(n + 0) — sin2(20/n)] +1-A+VB we <0. (4.45) 


To show this inequality, we are going to view 7 in (4.45) as a variable and let it range 
from 0 to 7, and see that the left-hand side of (4.45) is increasing to zero in this 
range. 

Observe what happens if we let 7 =7 in (4.45). The inequality in (4.41) becomes 
an equality. When combined with (4.42), we obtain A = 0. Thus, the left-hand side 
of (4.45) is equal to 


VB [(1— A+ B)sin2(6 +7) — sin?(20/n)]. (4.46) 
Using (4.36) and (4.38), we see that 


sin’(0 + 7) = (sin @ cost + cos @sinT)” 


= (aor 2B-—A ee sin(27/n) ) 
—\ VB 2BYI-A+B  2VBVBVI1-A+B 
_ sin?(2z/n) ; 

~ 4B2(1— A+ B) 22) 

_ sin?(27/n) 

— 1-A+B 


Hence, the expression in (4.46), which is the left-hand side of (4.45), is zero. 
We now move to showing that (4.45) is negative when 7 ranges from 0 to r. We 


begin by showing the similar expression 


cs cS - | sin(7 + 260) 
VB [(1— A+ B)sin?(n + 0) — sin?(2x/n)]+1-A+VB ae) (4.47) 
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is negative for 7 between 0 and 7. By applying angle-sum identities for sine and 


cosine and rearranging, we rewrite (4.47) as 
—4(1— A+B) (A? - B) V4B = A? cos* (1) 
+ (34? (1— A+ B) — B(4B— A*) +4VB) V4B = A? cos (1) 


ait (44 (1—A+B) (4? - 3B)) sin’ (7) 


a (A (4B — A?) (3=3A+2B)=4(2B =A) vB) sin (7) 


divided by 
4 (V4B — A? cos (n) + Asin (n)) VB. (4.48) 


It is clear that the denominator (4.48) is positive, so we focus on the numerator, 
which we call W. If we can show that W is increasing for 0 < 7 < 7, then it must be 
negative. Differentiating W with respect to 7 yields 


- = 12(1— A+ B) (A? — B) V4B— A? cos? (n) sin (n) 


+B (4B = A?) sin (77) 


END (ial) (4? _ 3B) cos (7) sin? (77) 
(4.49) 


+ A(4B — A?) (3 — 3A + 2B) cos (7) 
— (34? (1 — A+B) +4VB) V4B — A? sin (1) 
—4(2B — A) VBcos(n), 


where (4.49) is written so that each expression in A and B that appears is positive 
by (4.4), a trait that will be carried forward for the remainder of this argument. We 
now bound (4.49) below by an expression that does not depend on 7. Recall that 
0<n<7< 49. Then, using (4.36) and (4.38), the bounds 


A V4B — A? 


aR 7 08) Scos(n) $1 and 0 < sin (n) < sin (7) = 2/B(L— A+B) 
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give us 


dW _ A?(4B — A?)(3-3A+ 2B) 
> 
dn 2/B 


ai a (4.50) 
_ (34 (l- A+ B) +4VB) (4B OO) eke 
2\/B(1— A+B) 


where in (4.49), the first 3 terms have been bounded by 0 < sin (7), the fourth has 
been bounded by cos (@) < cos(7), the fifth has been bounded by sin (7) > sin (7), 


and the sixth has been bounded by 1 > cos (7). 
Since B —2A > 0 for b> 3 and b > 2, we have 
0<3(B-2A)<3B-—4A <4—-4A+4+3B < B(4—4A+3B), 
which when rearranged gives 
4B(1—A+B)>B?. (4.51) 
Also, by the arithmetic-geometric mean inequality, we obtain 


A24.4B 
ve > 2B. (4.52) 


Using (4.51) and (4.52), we bound the right-hand side of (4.50) below by 


A? (4B — A®) (3 — 3A + 2B) 


(A? + 4B) /(@A) 
_ (34? (1— A+ B) +2(A? + 4B) /(24)) (4B— A") (4.53) 
B 
~2(2B— A) — 


Substituting A = 2(b+ Re(¢,)) and B = (b+¢,) (0 + G. the expression in (4.53) 


becomes 


—32 (40? — 9b+ 3) cos® (27 /n) 


— 16 (406% — 1116? + 62b — 12) cos” (2m /n) 
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8 (164b" — 546b% + 4006? — 121 + 9) cos® (2m/n) 
4 (352b° — 1380b* + 1188b° — 307b* — 84b + 23) cos” (27 /n) 
4 (208b® — 948b° + 873b* + 2236 — 5620? + 2276 — 45) cos’ (27/n) 


8 (48 — 24b" — 16° + 394b° — 449b* + 355d? — 86b? + 30b + 2) cos” (27 /n) 


8 (3267 — 168b° + 128b° + 430b4 — 5166 + 3056? — 80b + 11) cos* (2m/n) 
4 (3207 — 308b° + 384b° — 380b* + 92b° — 57b* — 28b + 1) cos (27/n) 


4 (4b8 — 44b7 + 64b° — 760° + 234 — 1903 — 140? +b — 3) 


divided by 


2b cos* (27 /n) + (110? + 1) cos? (27/n) 


+b (170? + 7) cos? (27/n) 


(1004 + 9b? 4 1) cos (27/n) 


+ (2b? +1) (0 +1). 
The final lower bound comes from bounding the first of these below and the second 


of these above using |cos (27/n)| < 1/2. Doing this and collecting powers of b yields 


dWw Bs 64b® — 1280b’ + 3232b° — 8216b° + 3950b* — 3288b? — 374b? — 110b — 149 
dn 16b° + 4064 + 58b3 + 47b? + 23b + 5 


The denominator is positive, and one checks that the numerator is as well for b > 18. 
To prove the expression in (4.45) is negative, we observe that since A > 0, we 


have 


(1— A+ B)sin?((D — 1)0) —sin?(27/n) < 0. 


Since D > 1, the expression in (4.47) being negative implies (4.45) holds. 


Recall the setup so far. We are working under the assumptions that f(x) is a 


polynomial with non-negative integer coefficients such that 
Hey NOG) Ose Lhe ho igh a? Ae) 
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where ®, (2 —b) = x? — Ax+ B. From Lemma 4.4 and (4.32), we see that bp < 2, and 
since bp is an non-negative integer, bp = 1. Thus, (4.28) implies that h(x) is monic. 


Also, using Lemma 4.4 and (4.32) with bo = 1, we have 
By <U(A, B) < By +1. 


Thus, we have established that U(A,B) = 6;. Recalling (4.19), we see that the 


largest coefficient of h(a) is By. Next, we observe the following. 


Lemma 4.5. Under the assumption (4.28) with u, v, and w defined as in (4.29), we 
have 
v+w 


Maye 


for all b > 3. 


Proof. From (4.31), we see that 6 > 0. We now claim that 6 4 0. The only way 6 
could = 0 is if M(A, B) = 0 or v-+ w = 0. From the definition of M(A, B), we see 
that M(A, B) > 1. By way of contradiction, assume that v + w = 0, then v = —w. 


By the definitions of v and w in (4.29) with 0 = J +1 we have 


By-1 — WA = — py. 


From (4.27), we see that 7 4 0 and 


o=1- A+ SEP 1-4 BS 


Ly J 


Notice that the right-hand side is the definition of A in (4.33). We showed that A > 0 
for J = D—2 by (4.43), so recalling (4.15), we restrict our attention to the case that 


J = D-—1. Using (4.12), the sum of angles formula for sine, and (4.36), we obtain 


Bp-2 sin(D0 — 0) 
Sites ode Aa) B 
A=1-A ae VB sin(DO) 


sin(D@) cos(@) — cos(D@) sin(@) 
ve sin( D6) 


=1-A 
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=1-—A+ VB (cos(0) — sin(@) cot(D@)) 


= ee A _ sin(27/n) es 
=1-A vB (545 3 2) 


=1- a — sin(27/n) cot(D@). 


From (4.35) and (4.36), we see that 


A=1- — sin(27/n) cot(D@) 
>1- C — sin(2/n) cot(a — @) 
=l1- S + sin(27/n) cot(@) 
eis A Asin(27/n) 

- 2 = 2sin(27/n) 
=1. 


Thus we have a contradiction in both cases, so v + w #0. Hence, 6 > 0. 
Next, we show that 6 < 1. We start by observing that Lemma 4.4 and (4.28) give 


us 
uM(A,B) v+w u+w 


= Be ea? U seat) u- 


Using the definitions of u, v, and w in (4.29) with = J +1, we obtain 


utw = (8) yt ee) 


6 <(8;+1) ‘ig 


From (4.27) and (4.12), we have 


ea i Aa) Bye Byer. Bare. - 

6 < (8; +1) aN 77 & Bila ) 
= FOE ps1 + (1 ABs) 
_ ee eB in 70) be ne ISA) 
7 Bete sin(Qa/n) sin(27/n) 


J+1 , 
— vB acre ae (vB sin(J@) + (1 — A) sin((J + 1)6)) 
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We make a few observations to help simplify. First, (1— A) sin((J+1)@) < 0 since 
sin((J+1)@) > 0 by (4.16). Second, using (4.16), (4.15), and noting that D > 7/0-—1, 
we have 

tT > JO> (D—2)0 > (1/0 — 3)0 = 7 — 38. 


T T T 


< ; 
miarg(b+Ca) — [w/arg(b+¢a)] Da 
From (4.9) and (4.11), for b > 5 we obtain 


arg (b+ Cn) < arg (b+ Ga) = 


7 1 1 
< = ‘ 
BS Ste (Dra) 6, arctan(1/b) 6 


Putting these together, we get for b > 5 that 


> JO>n—30> =, 


so sin(J@) < sin(36). Likewise, from (4.16), we have 7 > (J +1)0 > a — 20 > 1/2. 


Thus, sin((J + 1)@) < sin(2@). Using these bounds, we acquire 


jE sin(26) + sin(27/n) 
JB’ sin?(27/n) 
Using double and triple angle formulas for sin@ and (4.36) with “4B — A? = 


O< sin(3@). 


2 sin(27/n), we get 


JB 2 sin 6 cos # + sin(27/n) 
JB’ sin? (27 /n) 
+1 Asin(27/n ; 
vB “ ae F sin(27/n) aoe ee) 
VB" sin?(2r/n) VB BVB 


z AVR’ 44 ( 3 _ 4sin'2x/n) 
eB VB BYB 


J-1 
eed aes 


Bt 


O< (3 sin 0 — 4sin? 0) 
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This last expression is less than 1 precisely when 


I+3 


(AVR MA =B\sV/B <6. 


Thus, since J > 6 by (4.17), and using (4.4), we get 


(AVB’ +1)(42— B) VB =VB (A3— AB— BB?) + A?-B 


Pe fee a ee = ey <= 


for b > 7. Thus, the lemma holds for b > 7. Direct calculations on small b show that 


Lemma 4.5 holds for b > 3. 


Thus, from Lemma 4.5 and (4.31) we see that L = 0 where L is defined in (4.19). 
Putting this together with the consequences of Lemma 4.4, we see that (4.28) implies 
h(a) is monic, the largest coefficient of h(x) corresponds to the value of 8), and all 
the coefficients of h(x) are non-negative. The proofs of (i) and (ii) now follow directly 
from [10, page 172], which we reproduce here. 

We continue to assume (4.28) and deduce as in [17] that h(a) can be written as a 


sum over non-negative integers k of polynomials which are x* times 


(Box?+6107-" Bee ot Bio _ ce 4 git 2 4 x?) By 


(4.54) 
+ (8; — Bo)x7-? + (By — Br)2?-? +--+ + (By - Bs-1), 


where t’ = t’(k) is a non-negative integer. The values of k are taken so that there are 

no overlapping terms for different k and so that the coefficient of x*~1 in h(x) is 0. 
To show (i), we assume that strict inequality holds in (4.28). Observe that since 

f(x) = (#2 — Ax + B)h(x) with h(x) as described above, we see that f(x) has a 


coefficient equal to 


(67 — P1) — A(6s — Bo) + BBs = (1- A+ B)B7 — 61 + ABo 
=(1-A+B)8z, 
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which corresponds to the coefficient of x’ when the expression in (4.54) is multiplied 
by x? — Ax + B. This contradicts our assumption, showing that M(A, B) > (1-—A+ 
B)By. 

To show that equality holds, we will exhibit a polynomial motivated by (4.54) 


with t/ = 0. Consider 


ho(x) = Bow? + Bia? + +++ + Bsa? 


+ (By — Boa?" + (Bz — B1)u?~? +--+» + (By — By-1). 
Applying (4.5), we deduce that 


(x? — Ax + B)ho(x) = 2/4? + ((1— A)By + BB —1)2""" 
+(1—A+ B)Oy27 ++ (1— A+ B) Bj" 


re ((B =A)B7+ AB = BBy-2)« +:B( Gy — B71). 


Note that the coefficient of x here can be rewritten as (1 — A+ B)6,;. Furthermore, 


the constant term of (x? — Ax + B)ho(x) can be rewritten as 


(1—A+ B)B; — By + Bas. 


Since J was defined so that 8;_, < By and 674, < Bz, we see that the maximal 
coefficient of (x? — Ar + B)ho(x) is (1 - A+ B)6;. The definition of M(A, B) now 
implies that the equality given in (i) holds. 

Now we prove (ii). Since (i) holds, we have f(x) = (2? — Ax + B)h(x) where 
h(x) is a sum over some non-negative integers k of polynomials which are «* times 
polynomials of the form (4.54). We refer to the polynomial in (4.54) as part of h(x). 
We begin by showing that with A, B and J fixed, but t’ arbitrary, each part of h(x) 
is divisible by 

hy(x) = se = Bp jae 


j=0 
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where we recall from (4.5) that G_; = 0. From this definition of h(a), we have 


J J J 
> By-j2) = Y° By-j-10? = Y2 By_-jx7* (mod hi(z)). 
j=0 j=0 j=l 

We deduce that the polynomial in (4.54) is 


J . pies, = z . 
(35-908) a ( S> oi —S> Bj-327" 


j=0 j=0 j=l 


= ! 
a e 


Tt 2 J 
tey—1 ( i _ S- Bx?" 
j=l 


III 
aN 
Ms 
wD 
Q 
8 
QS 


G 
ll 
pa 


III 
aN 
. 
Ms 
wD 
Q 
a) 
8 
QS 
Ne 
8 
my 


ll 
° 


&. 
ll 
Oo 


III 
, ra 
Ms 
wD 
ca 
. 
8 
& 
NLS 
8 
al 
: 
iw) 


Thus, we obtain that each part of h(a), and therefore h(x) itself is divisible by hi(z). 
Using that h(x) consists of at least one part as in (4.54) with t’ > 0 and J > 1, we 


deduce that 
h(b) > (Gob? + 6107" +--+ + By)b7 > Bob? + Byb7* + +--+ By > hy(b) > 1. 


This means h(b) is the integer h1(b) times an integer that is greater than 1. We 

deduce that f(b) = g(b)h(b) = h(b) is composite. This finishes the proof of (ii). 
Thus, for n € {3, 4,6}, we have bounds Bp” such that if f(x) is a polynomial with 

non-negative integer coefficients with f(b) a prime, and has coefficients less than or 


equal to 
B® =(1—-A+B)py, (4.55) 


then f(x) cannot be divisible by ®,(a2 — b). To see how the explicit expression for 


B‘) in (4.1) comes to be, we have, from the definition of 6; in (4.6), 


n 


anc vil 
~ 2iTIm(C,) 


6; OG bac) | 
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1 
~ 24 Im(,) K 


b+ Re(¢,) + iIm(¢,))/*? — (b + Re(G,) — tlm(¢,))/*4] . 


Writing out the binomial expansion of each term and combining like terms yields 


_ 1 eta oe k j+i-k 
Bj = i Im(G,) » ( ke Je Im(¢n))"(b + Re(¢n)) 


Otel es 


7 dX k ri Im(¢,))*(b + Rate) 


=a b (7 "(0+ Reccayyrtt# ((etm(Ga) = (=i op] 


ss (Fo) @ + RelGa)y AN 1m(G)?F 


Recall that in (4.15), J was defined to be either D,, — 1 or D, — 2. Evaluating 8; 


at 7 = D, — 1 and j = D, — 2, we get 


op, = yi ts : (b = Re(G,))Pn Ft (= Tm(Ga) 


and 
Bp, -2 = ye be i ' (b+ Re(¢n))? #7 (— Im(G,))" 


respectively. Thus, 


2 aes x fae b-RoKGyPA™ imp) (4.56) 


i€{0,1} o<ke Baxi 2k+1 


Further, observe that 

(1—A+B)=6, (1-5), (4.57) 
for n € {3, 4,6}. Substituting (4.56) and (4.57) into (4.55) yields (4.1). 
4.4 COMPARING THE BOUNDS AND ESTABLISHING THEOREM 1.6 


We summarize what we have done so far. Let b be an integer greater than or equal 


to 2, and let f(x) be in Z[a] with non-negative coefficients and f(b) prime. We write 
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f(x) = g(x)h(x) with g(x) # +1, h(x) # +1, and both g(x) and h(x) having positive 
leading coefficients. Using the fact that f(b) is prime, we reduced our considerations 
to g(b) = +1. We then showed that either g(x), and hence f(x), is divisible by at 
least one of @3(x% — b), ®4(a — 6), and ®¢(x — b), or g(x) has a root 6 € Ry. In the 
previous sections we established that if the coefficients of f(x) are less than or equal 
to B” defined in (4.55), then f(a) does not have a root in common with ®,,(a — b) 
for n € {3,4,6}. In [26] it is shown that if the coefficients of f(x) are less than or 
equal to 6,, with 6, as in (4.2), then f(a) does not have a root in the region R5. 
Letting M(b) be the minimum of these four bounds, then if the coefficients of 
f(x) are less than or equal to M(b), f(x) is irreducible. In [26], J. Juillerat shows the 


following. 
B® < BO for2<b<5, 
BO < B® for b> 6, 
B® < B® for b> 2, 


B® <B, for b> 3, 


BO <B, for b> 70. 


Having established these inequalities, we have that for b large enough, each of 
the following hold; if the coefficients of f(x) are less than or equal to B, then f(z) 
is irreducible; if the coefficients of f(a) are less than or equal to B® and f(x) is 
reducible, then f(z) is divisible by ®4(x — 6); if the coefficients of f(a) are less than 
or equal to BO and f(x) is reducible, then f(x) is divisible by ®4(a — b) or ®3(x — 5); 
and if the coefficients of f(x) are less than or equal to B, and f(x) is reducible, then 
f(a) is divisible by ®4(a — b), ®3(a — b), or ®g(ax — b). 

With respect to Theorem 1.6, we note that M1(b) = Be and M5(b) = BO, for 
3<b<5, and M,(b) = BM and M,(b) = B®, for b > 5. Further, M3(b) = BO, and 
M,(b) = By. This establishes Theorem 1.6. 
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